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1. Introduction. Definition of a Lie Group

The course will be organized much like Chevalley’s book, starting with many
examples, then taking up basic theory. In addition we shall look at how special
functions are given by Lie theory and we shall consider the basic ideas of differential
equations invariant under groups.

1.1. Why do we study Lie groups?

(1) Lie’s original work was motivated largely by the study of differential equa-
tions and their invariance under groups.

(2) Geometric structures. The classical global geometries, stemming from
Klein’s Erlanger Program, are all homogeneous spaces, quotients of classi-
cal Lie groups. The study of the invariants of those groups acting on the
homogeneous spaces is what Klein considers to be the essence of geome-
try. The generalizations to local geometric structures, which can be said
to include all of modern differential geometry, is largely due to E. Cartan.
Almost always the basis is a Lie group acting on tangent spaces, possibly
of higher order.

(3) Physics, atomic and subatomic structure. Representations of some Lie
groups, especially SO(3), are magically related to atomic structure. Each
electron shell is tied to a representation; number of electrons = dimension of
vector space, energy levels are invariants. The subatomic particle theories
similarly use representations of other groups, particularly SU(3), SU(6).

(4) Special functions. This is a technical term for classes of functions which
are studied in advanced calculus, differential equations, such as trigono-
metric polynomials, Bessel functions, spherical harmonics. The theory can
be unified by viewing them as coefficients of representations of Lie groups,
from which the differential equations, orthogonality, and recurrence formu-
las come naturally.

(5) Lie groups give a global view of linear algebra. For example, the Gram-
Schmidt process corresponds to a global decomposition of Gl(n,R) as a
product of two subgroups, one compact = O(n), the other topologically
Euclidean = upper triangular with positive diagonal.

1



2 RICHARD L. BISHOP

1.2. What is a Lie group?
(1) Abstractly, the combination of manifold and group structures.
(2) Locally, a matrix group.
(3) Globally, a compact Lie group is a matrix group, and every Lie group covers

a matrix group.
In more detail.

Definition 1.1. G is a Lie group if
• G is a finite-dimensional manifold.
• G is a group.
• The multiplication µ : G × G → G and inverse ι : G → G are smooth

functions.

What do we mean by “smooth”? Chevalley assumes that the manifold and the
functions are real-analytic. We shall make them C∞. We do not get any new groups
this way, so that Chevalley has not lost any generality, but it is a little interesting to
see why. What we do along these lines can be done with C2 smoothness with hardly
any change. The technique is to show that there is a covering by coordinate systems
which are analytically related and can be defined in terms of the group structure.
This structural rigidity is very much like the situation in complex analysis, where
the existence of a derivative can be escalated to analyticity.

Do we get any more groups if we merely assume continuity of the group maps
on a topological manifold? This is Hilbert’s 5th problem, from his famous list. It
took 50 years to decide the answer was “no”, combining the efforts of Gleason and
Montgomery and others. The hard part was to show that there are no “small”
subgroups, that is, subgroups in an arbitrarily small neighborhood of the identity.
Beyond that, the procedure is much like ours, using canonical coordinates based on
one-parameter groups, with a little fuss needed to use mere continuity.
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2. Matrix groups, classical groups, other examples.

Gl(n, F ) is the group of n× n nonsingular matrices with entries in a field F . It
is the complement of det−1(0), and multiplication and inverse are polynomial and
rational maps, respectively. When F is the reals or the complexes, we conclude that
it is an open submanifold of FN , N = n2, hence a Lie group. For the complex case
it is more, having a complex-manifold structure with complex-analytic group-maps.

A matrix Lie group is a real submanifold and subgroup of Gl(n, F ), F = reals or
complexes. Actually, we do not need the complexes here, since complex matrices
are embeddable, differentiably and algebraically, into real ones, for example by the
correspondence

A+ iB →
[

A B
−B A

]
.

The classical groups are the matrix groups in the following list.
• Gl(n,R), Gl(n,C), the general linear groups;
• Sl(n,R), Sl(n,C) = det−1(1), the special linear groups;
• O(n) = O(n,R), O(n,C) the orthogonal groups;
• U(n) the unitary groups;
• SO(n), SO(n,C), SO(p, q) the special orthogonal groups;

(Since det is a homomorphism into the multiplicative group of F , the
special linear groups are the kernels, hence subgroups. The orthogonal and
unitary groups are defined as the matrices leaving invariant various sym-
metric quadratic forms or Hermitian forms; the prefix “S” always indicates
a restriction to matrices with determinant 1.)

• Sp(n,C), Sp(n) = Sp(n,C) ∩ U(2n) the symplectic groups.
The symplectic groups are defined as leaving invariant a skew-symmetric

nondegenerate quadratic form, which explains why the size of the matrices
must be even.

See Helgason’s book, pp 339-347 (first edition) for a more complete list and
descriptions.

The fact that all the above are actually submanifolds can be shown directly, but
it is interesting that this is also a consequence of a general theorem about algebraic
groups, stated now as our first problem.

Problem 2.1. Prove that an algebraic subset of Gl(n,R) which is also a subgroup,
must be a submanifold.

An algebraic subset is the set of solutions of polynomial equations in the matrix
entries. You cannot assume that the number of equations has anything to do with
the dimension of the submanifold; in fact, by taking the sum of the squares of the
polynomials, the number of equations can always be reduced to one. Whitney’s
theorems on real algebraic sets are relevant.

Problem 2.2. Cayley’s linear parametrization of SO(n) and U(n) is given by
f(A) = (I − A)(I + A)−1, where A runs through the Lie algebra, so(n) = skew-
symmetric matrices and u(n) = skew-hermitian matrices, respectively. Show that
f is a bijection between so(n) and an open submanifold of SO(n), and between
u(n) and an open submanifold of U(n), respectively. What do you conclude about
the dimension of the groups? Show that f is its own inverse as a rational map of
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square matrices. Describe the open submanifolds forming the range of f . You may
assume, from linear algebra, that a matrix commutes with its inverse, so the factors
of f(A) can be reversed and they both commute with A.

(The case of u(1) mapped onto the circle U(1) is the well-known birational
equivalence of the line with the circle given by x → ( 1−x2

1+x2 ,
2x

1+x2 ), when we take
A = ix.)

Vector spaces over R are Abelian Lie groups with + as the group operation.
They can be realized as matrix groups in two ways: diagonal matrices with positive
diagonal entries, and (n+1)× (n+1) matrices having the vector space components
in the last column, and otherwise having the same entries as the identity matrix.

Gl(n,R) acts on Rn as a group of vector-space automorphisms, hence as auto-
morphisms of the Abelian Lie group structure.

An affine transformation of Rn is given by a pair (u,A) ∈ Rn ×Gl(n,R) via

(u,A) : w → Aw + u,

for w ∈ Rn. We multiply affine transformations by composition, so that

(u,A)(v,B) = (Av + u,AB) = (u, I)[(0, A)(v, I)(0, A−1)](0, A)(0, B).

We see that Rn is imbedded as Rn×{I}, a normal subgroup. The restriction of
inner automorphism by members of the subgroup {0}×Gl(n,R) to their action on
that normal subgroup is just the action of Gl(n,R) on Rn. These facts show that
the affine group, Aff(n), is a semi-direct product of Rn and Gl(n,R). The same
is true for the affine groups of the affine spaces over other fields, although in those
cases we should consider the algebraic variety structure instead of the manifold
structure.

2.1. Abstract Semi-direct Products. Given groups G,H and a homomorphism
α : H → Aut(G), we make G×H into a group G×αH, called the semi-direct product
of G and H with respect to α by defining

(g, h)(g′, h) = (gα(h)(g′), hh′).

Then G × {eH} is a normal subgroup of G ×α H and α can be identified with
the restrictions to G × {eH} of the inner automorphisms induced by members of
the subgroup {eG} ×H.

When the groups G and H are Lie groups and the action α of H on G defines
a smooth map G × H → G, then the semi-direct product is also a Lie group. In
fact, we shall eventually prove that the automorphism group Aut(G) is also a Lie
group, and that any homomorphism α : H → Aut(G) is automatically smooth, so
that the smoothness requirement on the action turns out to be redundant.

The direct product is the case for which α is the trivial homomorphism.

Thus, looking at the formula for multiplication in Aff(n) written in the second
(peculiar) form, we see that Aff(n) is the semi-direct product of Rn and Gl(n,R)
with respect to the standard action of matrices on columns.

The affine group has a representation in Rn+1, that is, it has a homomorphism
(injective in this case) into Gl(n+ 1,R):
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(u,A) →
[
A 0
u 1

]
.

If we restrict this homomorphism to Rn we get the representation of Rn men-
tioned previously.

If we replace Gl(n,R) by O(n), we get the Euclidean group, the group of isome-
tries of the Euclidean n-space, as a semi-direct product. As an exercise you should
prove that the distance-preserving property of an isometry does indeed imply that
the map is affine and has orthogonal linear part.

2.2. Quaternions. We can view the quaternions H as a “skew-algebra” over the
complex numbers:

x+ yi+ zj + wk = (x+ yi) + (z + wi)j.
The basis as a vector space over C is viewed as 1, j and in terms of this basis

multiplication is given by

(s+ tj)(u+ vj) = su− tv̄ + (sv + tū)j.
Quaternion conjugate is given by

s+ tj = s̄− tj.

It is easily checked that pq = q̄p̄ and that the norm N given by

N(s+ tj) = (s+ tj)(s+ tj) = ss̄+ tt̄

is a multiplicative homomorphism from H to R. Hence the kernel, the 3-sphere
S3 = {q : N(q) = 1} is a subgroup.

If we consider the operation of multiplying on the right by a complex number
x+yi as giving the scalar multiplication for a complex vector space, then H becomes
a two-dimensional vector space over C with basis 1, j. Then for any quaternion
q left multiplication Lq : p → qp, is a complex-linear map since q(ps) = (qp)s for
any s ∈ C. Thus, Lq has a matrix with respect to the basis 1, j. Specifically, if
q = s+ tj with s, t ∈ C, then

Lq : 1 → s+ jt, j → sj + jtj = −t̄+ js̄.

Thus, the matrix for Lq is [
s −t̄
t s̄

]
.

Moreover, q → Lq is obviously a homomorphism of both multiplicative and addi-
tive structures on H and is clearly injective. Thus, we have a faithful representation
of H as a subalgebra of 2× 2 complex matrices.

The norm N on H corresponds to det on gl(2,C); from the fact that det is
multiplicative we conclude with no further calculation that N is also multiplicative.

An easy calculation shows that the subgroup corresponding to S3 under L is just
the special unitary group SU(2). In particular, we have identified the topology of
SU(2).

Now consider the subset E3 of “pure quaternions”, the real subspace spanned by
i, j, k. The quadratic form N is positive definite, so that it is natural to consider
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H and E3 as Euclidean spaces. In terms of the complex structure, p = s+ jt ∈ E3

whenever s̄ = −s. For any unit quaternion q we have N(q) = 1 and for all p ∈ H,
N(qpq̄) = N(p). Note that we have used q = q−1, so that the map α(q) : p → qpq̄
is an isometry of H = E4, that is, α(q) ∈ O(4). But α(q) fixes 1, hence also
the subspace spanned by 1 and therefore leaves the orthogonal complement E3

invariant. Restricting α(q) to E3, we have a map, obviously a homomorphism,

α : S3 → O(3).

Since S3 is connected we must have det(α(S3)) = 1, so that we may consider α
as a map into SO(3).

It is easy to calculate the kernel of α. That is, for a given q, if we have qpq̄ = p
for all p, we simply take p to be i, j, k in turn, and we get that q is 1 or -1. So the
kernel is the 2-element subgroup {1,−1} = Z2. In group-theory terms α is a 2-fold
group-quotient homomorphism onto α(S3).

We can calculate the tangent map of α at the identity 1 by applying α to curves
through 1; specifically, q = cos t+ i sin t, cos t+ j sin t, cos t+k sin t. Differentiating
α(q(t)) and setting t = 0 determines the tangent map of α at 1:

α∗ :


i→ (p→ ip− pi)
j → (p→ jp− pj)
k → (p→ kp− pk)

.

These are readily seen to be linearly independent, and since we saw that SO(3)
is 3-dimensional from the Cayley parametrization, we conclude that α is a local
diffeomorphism at 1 onto a neighborhood of I in SO(3).

For a fixed r ∈ S3, α(rq) = α(r)α(q) for all q in a neighborhood of 1 on which α
is a diffeomorphism. But left-multiplication by α(r) is a diffeomorphism of SO(3)
onto itself, so that α is also a local diffeomorphism in a neighborhood of r. This
shows that α : S3 → SO(3) is a double covering of a connected subgroup of SO(3)
containing a neighborhood of the identity.

A simple topological-group argument shows that a connected neighborhood of
the identity generates the connected component of the identity. Later we shall
show that SO(n) is connected, completing the argument that the image of α is all
of SO(3). It is not hard to do so by direct calculations.

Problem 2.3. Consider the map β : S3 × S3 → Gl(4,R), (p, q) → (r → prq̄).
Prove:

(a) β is a group homomorphism.
(b) The kernel of β is {(1, 1), (−1,−1)} = Z2.
(c) The image is contained in SO(4).
(d) β is a 2-fold covering onto a connected 6-dimensional subgroup of SO(4).
(e) Describe a 2-fold homomorphic covering SO(4) → SO(3)× SO(3).

Again, once we have decided that SO(n) is connected this will tell us that β is
onto SO(4).

We conclude that the fundamental group of SO(3) and of SO(4) is Z2. Moreover,
SO(4) is locally isomorphic to the product SO(3)× SO(3), but not globally. This
is a remarkable fact which makes 4-dimensional Euclidean geometry different from
all the other Euclidean geometries, since SO(n) is locally simple when n 6= 4. The
points on S3 which are identified to get SO(3) are antipodal pairs, so that as a
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differentiable manifold SO(3) is projective 3-space. The next problem shows that
SO(4) is a product as a manifold.

Problem 2.4. Show that SO(4) is a semi-direct product S3 × SO(3). You can do
this by modifying the action of S3×S3 on H so that it is no longer a group homo-
morphism of the product group structure, but rather of of a semi-direct product.
The second factor alone will act as α did above and the kernel of that action will
be all in the second factor. Thus you can push the action down to S3×SO(3). The
semi-direct product homomorphism S3(the 2nd factor) → Aut(S3(the 1st factor))
also has the same kernel, so that the semi-direct product structure on S3 × S3 can
be pushed down to S3 × SO(3) too.

Now we prove the connectedness of SO(n) and U(n). We do this by getting
canonical forms for orthogonal and unitary transformations.

Let A ∈ O(n). Then there are eigenspaces, possibly complex, but a complex
eigenspace corresponds to a 2-dimensional real invariant subspace spanned by the
real and imaginary parts of an eigenvector. We have already remarked that the
orthogonal complement of an invariant subspace is also invariant. This reduces
the dimension by 1 or 2, and the restriction to the complement is also orthogonal.
Thus, we can proceed inductively to split En into 1- and 2-dimensional invariant
subspaces which are not further reducible.

On a 2-dimensional invariant subspace A must be a rotation or a reflection in a
line. However, a line reflection has invariant 1-dimensional subspaces. Thus, all of
the irreducible 2-dimensional subspaces must have A acting as a rotation by some
angle 6= π.

On a 1-dimensional invariant subspace A must be 1 or −1.
This means, letting P be the matrix which transforms the standard basis to an

orthonormal basis adapted to the decomposition, that P−1AP has the form of a
block diagonal matrix, where the diagonal blocks are either 2× 2 rotation matrices

cis θ =
[

cos θ sin θ
− sin θ cos θ

]
or simply −1 or 1 diagonal entries.

The the determinant of the whole matrix is detA = (−1)h, where h is the number
of −1’s on the diagonal. If A ∈ SO(n), we must have that h is even; in this case
we can replace the -1’s in pairs by cisπ.

Now to get a curve from I to A we simply rotate the invariant 2-dimensional
planes continuously until we get to the angle by which A rotates them; that is, in
the diagonal blocks of P−1AP we replace cis θ by cis tθ and let t run from 0 to 1.

For the unitary group it is even easier, since we are working over the complex
numbers. Thus, A ∈ U(n) has 1-dimensional invariant subspaces; again the orthog-
onal complement with respect to the Hermitian form is invariant. On 1-dimensional
space a unitary transformation is just multiplication by some eiθ. That is, the
eigenvalues of a unitary transformation are complex numbers of modulus 1 and the
eigenspaces are mutually orthogonal. Thus,

A = P diag(eiθ1 , . . . , eiθn)P−1,

for some unitary P . Again we have a curve from I to A.
Exercise. Show that the P ’s can be taken to have detP = 1; that is, when
A ∈ SO(n), then P ∈ SO(n), and when A ∈ U(n), then P ∈ SU(n).
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Thus, every A ∈ O(n) is conjugate to a direct sum of plane rotations and 1-
dimensional point reflections. Every A ∈ U(n) is conjugate in U(n) to a diagonal
matrix.

We give a uniform proof that all the classical groups are Lie groups. Moreover,
they are closed subgroups of Gl(n, F ) since they are the 0-sets of differentiable maps
f : Gl(n, F ) → Rk.

Lemma 2.5. Let H be a closed subgroup of a Lie group G. Suppose that for some
h ∈ H there is a neighborhood U of h in G such that H ∩ U is a submanifold of
G. Then H is a submanifold of G and a Lie group with respect to this manifold
structure.

Proof. Let h′ ∈ H. Then left-translation by h′h−1, λ(h′h−1) : G→ G, g → h′h−1g,
is a diffeomorphism of G which takes H onto H, and its inverse also takes H onto
H. Hence H ∩ λ(h′h−1)(U) = λ(h′h−1)(H ∩ U) is a submanifold of G containing
h′. This makes H into a submanifold, since being a submanifold is a local property.

Multiplication and inverse are the restrictions of the same operations to H ×H
and H. The images are in the closed submanifold H so that they are certainly
differentiable when viewed as maps into H. �
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3. The topology of classical groups, matrix exponentials

The first step in examining the topology of classical groups is to reduce the group
to a product of a compact group and a Cartesian space. There are two methods:
Gram-Schmidt and polar decomposition.

Let UT+(n, F ) be the subset of Gl(n, F ) consisting of upper triangular matrices
having real positive diagonal entries. (The fact that it is a subgroup seems irrel-
evant here.) Diffeomorphically UT+(n, F ) is a submanifold and diffeomorphically
Cartesian of dimension n(n+ 1)/2 if F = R and n+ (n− 1)n = n2 if F = C.

Theorem 3.1 (Gram-Schmidt process). Gl(n, F ) is diffeomorphic to

O(n)× UT+(n,R) if F = R,

U(n)× UT+(n,C) if F = C,

where the diffeomorphism from these product manifolds to Gl(n, F ) is simply matrix
multiplication (A,U) → AU .

Proof. Let Km = {g ∈ Gl(n, F ) : g = (e1, e2, . . . , em, vm+1, . . . , vn), such that the
ei are orthonormal}. The map Km → Km+1 ×R× Fm given by

g → ((e1, . . . , em, vm+1/r, vm+2, . . . , vn), r, r〈vm+1, e1〉, . . . , r〈vm+1, em〉)

where

vm+1 =
m∑
i=1

〈vm+1, ei〉ei, r = ‖vm+1 −
m∑
i=1

〈vm+1, ei〉ei‖,

is easily seen to be a diffeomorphism. The standard inner product on Rn is denoted
by 〈 , 〉.

The Gram-Schmidt process is the composition of these diffeomorphisms, with
the factors R× Fm filled out with 0’s to form the columns of U .

Thus, we have differentiable maps Gl→ O(n)×UT+ → Gl for which the compo-
sition is the identity. It remains to show that the composition the other way is also
the identity, or, that µ is one-to-one. Suppose AU = BV ; then B−1A = V U−1.
But an upper triangular unitary matrix must be diagonal, for the columns are or-
thogonal to each other, so that we can show row-by-row starting from the top that
the non-diagonal entries are 0. Finally, a diagonal unitary matrix with positive
diagonal entries must be I. Thus, B−1A = V U−1 = I. �

As a corollary we again get that the dimensions of O(n) and U(n) are n(n−1)/2
and n2. Moreover, Gl(n,R) has two connected components, SO(n)×UT+(n,R) =
det−1(R+) and its complement. Gl(n,C) is connected.

If we restrict the Gram-Schmidt map GS to Sl(n,R), then the range lies in
SO(n) × UT+(n,R) and has determinant equal to 1. Thus, the second factor is
in SUT+(n,R) = Sl(n,R) ∩ UT+(n,R). This is still diffeomorphic to a Cartesian
space, of dimension n(n+ 1)/2− 1.

The map µ : S1 × SU(n) → U(n) given by

(eiθ, A) →
[
eiθ 0
0 I

]
A

provides a diffeomorphism which reduces the topology of U(n) to that of SU(n).
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The map π : SO(n) → Sn−1, (e1, . . . , en) → en is a principal fiber bundle with

fiber group SO(n− 1) represented by matrices
[
A 0
0 1

]
, A ∈ SO(n− 1) acting on

the right. It can be viewed as the bundle of frames (= orthonormal bases) of the
sphere Sn−1 with the standard Riemannian metric. The exact homotopy sequence
of the fibration gives us information about the homotopy groups of SO(n):

→ πk+1(Sn−1) → πk(SO(n− 1)) → πk(SO(n)) → πk(Sn−1) → . . .

Reference: Steenrod, N. Topology of fiber bundles, p 35, p 90.
For k = 1 and n ≥ 2 we know that Sn−1 is connected and simply connected, so

that
π1(SO(n− 1)) = π1(SO(n)),

with the isomorphism induced by the map A→
[
A 0
0 1

]
. Since π1(SO(3)) = Z2,

we get π1(SO(n)) = Z2 for all n; the nontrivial class is represented by the loop

t→
[

cis t 0
0 I

]
, 0 ≤ t ≤ 2π.

The map π : SU(n) → S2n−1, (e1, . . . , en) → en gives a principal fibration with
SU(n−1) as fiber. Since SU(2) = S3 is simply connected, we conclude that SU(n)
is simply connected for n ≥ 2.

Chevalley shows that the unitary symplectic group Sp(n) can be represented
as the H-right-linear unitary endomorphisms of the quaternionic right vector space
Hn (the endomorphisms are acting on the left, scalar multiplication is on the right).
The Hermitian structure is that of C2n. Thus, Sp(n) consists of n×n matrices with
quaternion entries and columns which are “quaternion orthonormal”. The map

Sp(n) → S4n−1, (e1, . . . , en) → en

gives a fibration of Sp(n) by Sp(n − 1). Again, the homotopy exact sequence and
the fact that Sp(1) = S3 allows us to conclude that

πk(Sp(n)) = πk(S3)

for 0 ≤ k ≤ 6.
In particular, Sp(n) is connected and simply connected.
The group Gl(n,H) of all right-linear automorphisms of Hn is an open subset

of all n × n H-matrices. Determinant does not make sense, but linear indepen-
dence does. With essentially no change, the Gram-Schmidt map gives us a product
decomposition

Gl(n,H) = Sp(n)× UT+(n,H).

Since we know the dimensions of UT+(n,H) (it is n + 4n(n − 1)/2 = 2n2 − n)
and Gl(n,H) (it is 4n2), this allows us to subtract to get the dimension of Sp(n)
(it is 2n2 + n = 3 + 7 + . . .+ 4n− 1).

Note that Gl(n,H) is different from Sp(n,C), since the latter has dimension
2(2n2+n). Previously we described Sp(n) as the unitary part of Sp(n,C). Although
it is true that Sp(n,C) is diffeomorphically a product of Sp(n) and a Cartesian
space, the decomposition is not given by GS because GS does not give an element
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of Sp(n) from one of Sp(n,C). The dimension of UT+(n,C) ∩ Sp(n,C) is not big
enough.

3.1. Matrix Exponential Map. For an n×n matrix A (real or complex) we use
the L1 norm in FN , N = n2 : |A| =

∑
|aij |. Then

|AB| =
∑
i,k

|
∑
j

aijbjk|

≤
∑
i,j,k

|aij ||bjk|

≤
∑
i,j,h,k

|aij ||bjk|

= |A||B|.
Of course |A+B| ≤ |A|+ |B| and |αA| = |α||B|.

Define (eA)ij =
∑∞
m=0

1
m! (A

m)ij . This series is majorized by the series for e|A|,
so by the Weierstrass’ test it converges for all A, uniformly on bounded subsets in
FN .

In fact, (eA)ij for each ij is a power series in N variables which converges ev-
erywhere. Thus, the map A → eA is analytic. It follows that it is permissible
to differentiate etA with respect to the parameter t term-by-term. From this we
conclude, since a common matrix factor A can be factored out on either side, that
detA

dt = AetA = etAA. Thus, X = etA is the solution to the linear matrix differential
equation and initial condition:

X ′ = XA, X(0) = I. (∗)
Indeed, (*) could serve equally well as a definition for etA, and hence, setting

t = 1, for eA. Most of the properties of eA can be proved by using the DE, avoiding
tedious calculations with series. We illustrate some of these properties immediately.

First we show what the other solutions to the matrix DE are. Let C be any
n× n matrix. Then

(CetA)′ = C(etA)′ = C(etAA) = (CX)A.

Thus, X = CetA is the solution to X ′ = XA with initial condition X(0) = C.
Now suppose we have commuting matrices, AB = BA. Then for X = etA,

(XB)′ = XAB = XBA, and XB(0) = B.

According to the previous remark, the solution to that problem is BX, so that
we have proved BetA = etAB whenever AB = BA. (This can also be calculated
easily from the series.) Continuing to assume AB = BA, let Y = etB . Then
(XY )′ = X ′Y +XY ′ = XAT +XY B = XY (A+B). Thus, etAetB = et(A+B). It
is easy to find examples showing that this fails if AB 6= BA.

In particular, e(s+t)A = esAetA; that is, the map F → Gl(n,R), t → etA, is an
analytic homomorphism of the Lie group (F,+) into Gl(n, F ).

When F = R, {etA} is called the one-parameter subgroup generated by A. We
also call A the infinitesimal generator of that subgroup.
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The exponential map is equivariant under inner automorphisms, that is, for
nonsingular P , PeAP−1 = ePAP

−1
. This follows easily from either the series or the

DE, by inserting appropriate factors P−1P .
If we take P so that A has Jordan canonical form and observe that the powers

of Jordan blocks are the blocks of (PAP−1)m, with powers of the eigenvalues of A
on the diagonal, we obtain:

Proposition 3.2. The eigenvalues of eA are eα, where the α are those of A. They
occur with the same multiplicity (in the general sense). That is, the characteristic
polynomial of eA is

p(α) =
r∏
i=1

(α− eαi)mi ,

where mi is the size of the Jordan block for αi in A and r is the number of blocks.

Corollary 3.3. det eA =
∏r
i=1(e

αi)mi = e
P
miαi = etrA. In particular, eA is

nonsingular.

Since transpose and complex conjugate commute with taking powers, eA
∗

=
(eA)∗, and similarly for transpose alone.

Definition 3.4. The matrix Lie algebra of a Lie subgroup G of Gl(n, F ) is

ĝ = {A : etA ∈ G for all t}.

We denote the Lie algebra of Gl(n, F ) itself, the vector space of all n×n matrices,
by gl(n, F ); similarly, the Lie algebras of the other classical groups will be denoted
by the corresponding lower case letters. Generically the lower case letter with the
“hat”ˆwill be used.

Proposition 3.5. The exponential map exp : gl(n, F ) → Gl(n, F ) is a diffeomor-
phism from a neighborhood of 0 to a neighborhood of I.

(This is obvious from the DE, used to calculate exp∗, and the inverse function
theorem.)
Examples

(1) If trA = 0, then det etA = et trA = e0 = 1. Thus, sl(n, F ) is the space of
trace zero matrices.

(2) If A is skew-symmetric, then eA
t

(eA) = eA−A = I. Hence, eA ∈ O(n, F ).
Conversely, if the one-parameter group generated by A is in O(n, F ), then

esAesA
t

= I for all s.

Differentiating gives esAAesA
t

+ esAesA
t

A = 0. Setting s = 0 shows that
A is skew-symmetric.

(3) In the same way we see that the Lie algebra of the unitary group is u(n) =
skew-Hermitian matrices.

(4) If ω is the nondegenerate 2-form which defines Sp(n,C), then ω is repre-

sented by the matrix J =
[

0 I
I 0

]
: i. e., ω(x, y) = xtJy. Thus,

Sp(n,C) = {A ∈ Gl(2n,C) : AtJA = J}.



LECTURE NOTES ON LIE GROUPS 13

If esA ∈ Sp(n,C) for all s, then

0 =
d

ds
(esA

t

JesA) = esA
t

AtJesA + esA
t

JesAA

and at s = 0 : AtJ + JA = 0. Conversely, if AtJ + JA = 0, then

d

ds
(esA

t

JesA) = esA
t

(AtJ + JA)esA = 0.

Thus, esA
t

JesA is constant, but has value J at s = 0. Hence, esA ∈
Sp(n,C). That is,

sp(n,C) = {A : AtJ + JA = 0}.

3.2. Left-invariant vector fields. The equation X ′ = XA can be regarded as
the DE for the integral curves of a vector field ~A on gl(n, F ). If the standard
coordinates are xij , then the coordinate expression for this vector field is

~A =
∑
i,j,k

xikAkj
∂

∂xij
.

The integral curve of ~A starting at C is t→ CetA. Thus, if λC is left-multiplication
by C, CetA = λCe

tA. Taking tangents at t = 0 we get ~A(C) = λC∗( ~A(I)). For any
other B we have λBλC = λBC , hence

~A(BC) = λBC∗ ~A(I)

= λB∗λC∗ ~A(I)

= λB∗ ~A(C).

We say that ~A is a left-invariant vector field; more specifically, the left-invariant
vector field generated by its value at the identity:

~A(I) =
∑

Aij
∂

∂xij
(I),

which we identify with A according to the standard identification of a vector space
(in this case gl(n, F )) with its tangent space at any point (in this case at I).

Now let G be a matrix Lie subgroup of Gl(n, F ), and say A ∈ GI , a subspace of
the tangent space to gl(n, F ) at I. Then for any C ∈ G, λC carries G into itself,
hence λC∗(GI) = GC . Thus, ~A(C) = λC∗(A) is tangent to G at C. We have proved

Proposition 3.6. The restriction of any left-invariant vector field generated by an
element of GI to the submanifold G is everywhere tangent to G.

Corollary 3.7. For any A ∈ GI , etA ∈ G for all t.

Since it is obvious that conversely, if etA ∈ G for all t, then A ∈ GI , we have
identified the Lie algebra of G:

Theorem 3.8. The Lie algebra of a matrix Lie group G can be identified with the
set of matrices tangent to G at I. In particular, it forms a vector space of dimension
the same as that of G.
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The flow of the vector field ~A is given by θt : C → CetA; that is, θt = ρetA ,
right-multiplication by etA. For another left-invariant vector field ~B with flow βt,
the bracket is also a left-invariant vector field (this is obvious because both are
λC−related for all C) whose value at any point C is the second-order tangent to
the curve t→ β−tθ−tβtθtC = CetAetBe−tAe−tB at t = 0. We can get this tangent
at C = I by differentiating the matrix function twice, using the identification of
tangents with elements of gl(n, F ):

[ ~A, ~B](I) =
1
2
d2

dt2
(0)(etAetBe−tAe−tB) = AB −BA.

It follows that [ ~A, ~B] = ~C, where C = AB −BA. We have proved:

Theorem 3.9. The Lie algebra ĝ of a matrix Lie group G is closed under the
operation (A,B) → AB − BA; under the isomorphism with left-invariant vector
fields tangent to G this operation corresponds to bracket of vector fields.

The flow of the vector field ~A is given by θt : C → CetA; that is, θt = ρetA ,
right-multiplication by etA. For another left-invariant vector field ~B with flow βt,
the bracket is also a left-invariant vector field (this is obvious because both are
λC−related for all C) whose value at any point C is the second-order tangent to
the curve t→ β−tθ−tβtθtC = CetAetBe−tAe−tB at t = 0. We can get this tangent
at C = I by differentiating the matrix function twice, using the identification of
tangents with elements of gl(n, F ):

[ ~A, ~B](I) =
1
2
d2

dt2
(0)(etAetBe−tAe−tB) = AB −BA.

It follows that [ ~A, ~B] = ~C, where C = AB −BA. We have proved:

Theorem 3.10. The Lie algebra ĝ of a matrix Lie group G is closed under the
operation (A,B) → AB − BA; under the isomorphism with left-invariant vector
fields tangent to G this operation corresponds to bracket of vector fields.

Notation AB −BA = [A,B].

Polar decomposition (See Chevalley for details.)
The polar coordinates on C∗ : z = reiθ, with r > 0, have a generalization to

Gl(n,C): every A ∈ Gl(n,C) can be written uniquely as

A = UH

where U ∈ U(n) and H is positive definite Hermitian. The positive definite Her-
mitian matrices are not a group, but they are a convex set and they are invariant
under inner automorphisms by elements of U(n). The decomposition with the order
reversed has the same U :

UH = (UHU−1)U.
We getH as the unique positive square root of A∗A = H̄U−1UH = H̄H. Viewed

globally this gives a product decomposition:

Gl(n,C) = U(n)×H+.

The restriction to real matrices gives
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Gl(n,R) = O(n)× S+,

where S+ = positive definite symmetric matrices.
The polar decomposition is related to the singular-value decomposition, which is

used a lot in numerical analysis because the numerical calculation of it is stable.
Stability is measured by some norm of the tangent map of the projection onto the
Hermitian factor of the product decomposition and the subsequent calculation of the
eigenvalues. To get the singular-value decomposition H is diagonalized by a unitary
transformation in such a way that the eigenvalues are arranged in nonincreasing
order on the diagonal:

H = V diag(α1, . . . , αn)V −1,

where V ∈ U(n) and α1 ≥ α2 ≥ . . . ≥ αn ≥ 0. The columns of V are the
eigenvectors of H, so that the decomposition is not unique, especially when there
are multiple eigenvalues. Then

A = UV diag(α1, . . . , αn)V −1.

In numerical analysis the singular value decomposition is applied to singular ma-
trices too, and even for rectangular matrices, by using unitary transformations of
both the domain and range.

The restriction of polar decomposition to O(n,C) gives a new product decom-
position

O(n,C) = O(n)×RN , N = n(n− 1)/2.
In each case the Cartesian part is the complete image under exp of a linear space:

(1) H+ = exp(all Hermitian matrices)
(2) S+ = exp(all symmetric real matrices)
(3) RN = exp(i so(n)).

3.3. Image of exp. We have seen for the compact connected groups U(n), SO(n),
SU(n), that the exponential map is onto. In fact, the curves we got to connect
elements to I were one-parameter subgroups. For compact groups in general, it is
possible to impose a Riemannian metric for which the geodesics from the identity
are one-parameter subgroups, so that the exponential map coincides with that of
the Riemannian metric and is hence onto. Any metric which is both left- and
right-invariant satisfies this description of its geodesics.

For noncompact connected groups it is no longer true that exp is onto. We note
first from our calculations that the eigenspace decomposition of eA cannot be finer
than that of A; in particular if eA has a one-dimensional eigenspace, then A has
that same eigenspace. Now consider a matrix such as

B =

 −4 0 0
0 −1/4 0
0 0 C

 ∈ Sl(n,R),

where C does not have eigenvalues −4 or −1/4. Thus, if eA = B, then the real
matrix A must have the first and second standard vectors as eigenvectors with
eigenvalues one of the complex logarithms of −4, namely, log(4) + (2k + 1)πi, and
of −1/4, namely, − log(4) + (2h + 1)πi. But for a real matrix the conjugate of an
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eigenvalue must also be an eigenvalue. Thus, A would have to have eigenvalues
log(4)− (2k+ 1)πi and − log(4)− (2h+ 1)πi. Their exponentials would have to be
eigenvalues of C, which violates our assumption about C. Thus, the exponential
map is not onto from sl(n,R) to Sl(n,R).

Problem 3.11. Prove or disprove: exp : sl(n,C) → Sl(n,C) is onto.
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4. Topological groups, universal covering groups

A. A topological group is a topological spaceG with group structure such that group
multiplication µ : G×G→ G and inverse ι : G→ G are continuous. Alternatively,
we can require simply that (x, y) → xy−1 be continuous.
B. Isomorphism of topological groups is a combination of group isomorphism and
topological homeomorphism.
C. It is convenient to have notation for the product and inverse of subsets X,Y of
G:

X−1 = {x−1 : x ∈ X}
XY = µ(X,Y ), X2 = XX,xY = {x}Y,

etc.
D. A topological space with group structure, G is a topological group if and only
if for each x, y ∈ G and neighborhood W of xy−1, there are neighborhoods U, V of
x, y such that UV −1 ⊂W .
E. Inverse ι, left multiplications λx, and right multiplications ρx are homeomor-
phisms.
F. Let N be the neighborhood system at the identity e. Then λx(N) and ρx(N)
are the neighborhood systems at x, hence also equal to each other.
G. Thus, V is open if and only if for every x ∈ V , x−1V and/or V x−1 ∈ N. The

neighborhood system N satisfies
(1) U, V ∈ N ⇒ U ∩ V ∈ N.
(2) U ∈ N and U ⊂ V ⇒ V ∈ N.
(3) U ∈ N ⇒ there is V ∈ N such that V V −1 ⊂ U .
(4) U ∈ N ⇒ xUx−1 ∈ N for all x ∈ G.

Proposition 4.1. If G is a group and N is a collection of subsets containing e
and satisfying (1)–(4), then there is a unique topology for which G is a topological
group with N the system of neighborhoods of e.

(The proof is routine. To define open sets use G. above.)
H. Examples.

(1) Matrix groups.
(2) Any group with discrete topology or concrete topology.
(3) Products of topological groups.
(4) Quotient by a closed normal subgroup.

With (3) we can produce some pretty elaborate examples. Thus, the product
of infinitely many copies of S1 gives an example for which any neighborhood of e
includes a nontrivial subgroup; that is, there are “infinitely small” subgroups.
I. Separation axioms. The situation is simpler than for topological spaces:

Lemma 4.2. . If G is a T0 topological group, then G is Hausdorff.

Proof. proof. Let x, y ∈ G and let U be a neighborhood of e such that x /∈ Uy.
Then xy−1 /∈ U . Let V be a neighborhood of e such that V −1V ⊂ U . Then
V xy−1 ∩ V is empty: otherwise vxy−1 = w would be in that intersection, implying
that xy−1 = v−1w ∈ U . Hence, V x ∩ V y is empty.
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Corollary 4.3. . If G is T0 and locally compact, then G is regular.

Henceforth we assume that our topological groups are T0 and locally compact.
J. For U open, X arbitrary, UX and XU are unions of open sets, hence open.

Of course, we cannot claim the same statement with “open” replaced by “closed”.
However, if C and D and compact, then CD = µ(C ×D) is compact.
K. The connected component of e is a closed normal subgroup.

Proof. . If K is that component and x ∈ K, then Kx−1 is connected, contains
xx−1 = e; hence KK−1 ⊂ K. This shows that K is a subgroup.

For any x ∈ G, xKx−1 is a connected component (since λxρx−1 is a homeomor-
phism), contains e, and hence equals K. Thus K is normal.

Connected components of a topological space are always closed. �

Definition 4.4. The group G/K is called the group of components. It is denoted
by π0(G). If G is locally connected, G/K has the discrete topology. We will
customarily use the notation G0 for the connected component of e.

L. If G is connected, then any neighborhood of e generates G.

Proof. . Let V be a neighborhood of e, H the group generated by V . Then if
x ∈ H, V x ⊂ H, so that H is open. However, an open subgroup is also closed,
because the complement is the union of the other cosets, all of which are open. �

Definition 4.5. Two topological groups G,G′ are locally isomorphic if there are
neighborhoods U,U ′ of their identities and a homeomorphism h : U → U ′ such that
whenever x, y ∈ U and xy ∈ U , then h(xy) = h(x)h(y).

Example 4.6. The unit circle S1 is locally isomorphic to R via eiθ → θ when
−π/2 < θ < π/2. However, this local isomorphism does not have an extension to
all of S1 as a group homomorphism, since a local isomorphism which is a global
homomorphism can be shown to be a covering map.

4.1. The universal covering group. Let G be a topological group which is con-
nected, locally connected, and locally simply connected. The the universal covering
space G̃ of G exists and can be realized as the homotopy equivalence classes of the
space of paths starting at e. We let ẽ be the homotopy class of the constant path.

Define the product of x̃, ỹ ∈ G̃ by: x̃ỹ = [γβ], where γ and β are representa-
tive paths for x̃ and ỹ, respectively, and (γβ)(t) = γ(t)β(t). The brackets denote
homotopy classes, with fixed endpoints. It is easily checked that this makes G̃
into a topological group and that the covering map, taking the class of a curve
into the right endpoint, π : G̃ → G is a homomorphism which restricts to a local
isomorphism of some neighborhood of ẽ.

The kernel of π is π−1(e) = N , which is a discrete subset of G, by the covering
space property, and is a normal subgroup. Thus, in particular N is a closed normal
subgroup, so that G̃/N = G as topological groups.

It is easily seen that the deck-transformation group is {λx = x ∈ N}, hence the
fundamental group π1(G) and N are isomorphic.

We note a general result.
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Proposition 4.7. A discrete normal subgroup of a connected topological group is
central; in particular, it is commutative.

Proof. Let N be a discrete normal subgroup of the connected group G. Let y ∈ N .
Then there is a neighborhood V of y such that V ∩ N = {y}. By continuity of
multiplication, there is a neighborhood U of e such that UyU−1 ⊂ V . But then for
x ∈ U, xyx−1 ∈ UyU−1 ∩N ⊂ V ∩N = {y}; hence, x commutes with y. The group
generated by U must also commute with y, but that generated group is just G. �

Corollary 4.8. The fundamental group of a connected, etc., topological group is
commutative.

The main result in this section on topological groups is the extendibility of local
homomorphism to a simply connected group, the Monodromy Theorem given below.

Definition 4.9. . A local homomorphism is a continuous map between neighbor-
hoods of the identities h : U → V satisfying h(xy) = h(x)h(y) whenever xy ∈ U .
We do not require h to be a homeomorphism.

Theorem 4.10 (Monodromy Theorem). If G is path-connected, locally path-connected,
and simply connected, then any local homomorphism h of a neighborhood U of e ∈ G
to a neighborhood V of e ∈ H has a unique extension k of some restriction h|X , X
a neighborhood of e ∈ G, to all of G. If h is onto V and H is connected, then k is
onto H. If h is a local isomorphism, then k is a covering map.

Proof. Uniqueness is obvious since V generates G.
We outline the proof of the existence of k. Define a new topology on G×H by

taking as basic neighborhoods of (x, y) sets of the form

WX,(x,y) = {(xv, y · h(v)) : v ∈ X},
whereX is a neighborhood of e withX ⊂ U . Then the projection maps p : G×H →
G and q : G ×H → H are still continuous and moreover, p is a covering map. If
K is the connected component of (e, e) in this topology, then K contains WX,(e,e)

for some connected X. K is a subgroup because h is a local homomorphism. But
p|K is also a covering map. Thus, p|K is an isomorphism and K is the graph of
a function. This function k is easily seen to be a homomorphism extending h on
some connected X. �

Problem 4.11. Let G = Q∗, the nonzero quaternions. Classify the discrete central
subgroups, hence the groups locally isomorphic to Q∗. Which of those locally
isomorphic groups are compact?

Problem 4.12. Fill in the details to complete the proof of the Monodromy Theo-
rem.

Problem 4.13. Describe a local homomorphism h : U → V , where U and V are
neighborhoods of 0 ∈ R, with the operation +, which cannot be extended to a
homomorphism of R. Thus the restriction condition in the Monodromy Theorem
is needed.

Hint: U cannot be connected. If we let π : R → S1 be the projection onto the
circle group, then it can be arranged that π ·h can be extended to a homomorphism,
even though h cannot be.
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5. Simple Lie groups

The abstract spinor group Spin(n) is the simply connected covering of SO(n),
n ≤ 3. Thus, Spin(n) is a 2-fold covering of SO(n). We have seen some low-
dimensional special cases:

Spin(3) = S3 = Sp(1) = SU(2)

Spin(4) = S3 × S3.

There are other special relations among low-dimensional classical groups:

Sp(2) = Spin(5)

SU(4) = Spin(6).
All of these special relations can be remembered by referring to the Dynkin diagrams
used in the classification of simple Lie algebras, noting that there some coincidences
for low-dimensions. We explain briefly the notation used an the customary pictures
which constitute the Dynkin diagrams.

The classical series of simple groups are labeled An, Bn, Cn, Dn. Each corre-
sponds to a unique simple complex Lie algebra with maximal abelian subalgebra of
dimension n. Each of these Lie algebras has a unique compact real form; here the
term “compact” does not refer to the topology of the Lie algebra itself (which is
just a Euclidean space) but to any/all connected Lie groups of which it is the Lie
algebra; equivalently, a real Lie algebra is said to be compact if its Killing form is
negative definite. (The Killing form of a Lie algebra is the bilinear form K defined
by K(x, y) = tr[ad(x) · ad(y)].) For each there is a compact classical Lie group
having the real form as its Lie algebra. The Dynkin diagram of a semi-simple Lie
algebra is a weighted graph having as many nodes as the dimension of the maxi-
mal commutative subalgebra, and determines the Lie algebra up to isomorphism.
In particular, the number of components of the Dynkin diagram is the number of
simple direct summands in the algebra. Besides the 4 classical series there are 5
exceptional Lie algebras labeled G2, F4, E6, E7, E8.
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Here is a table of the simple Lie algebras, etc. The index “n” on the classical
series, and the integers 2, 4, 6, 7, 8 on the exceptional simple Lie algebras tells what
the dimension of a maximal abelian subalgebra is. Equivalently, in the compact
real form it is the dimension of a maximal torus group.

Type Complex Compact Other dimension
Group R form R form Diagram

An Sl(n+ 1,C) SU(n+ 1) Sl(n+ 1,R) n(n+ 2)
•−•−•−• · · · −•

Bn SO(2n+ 1,C) SO(2n+ 1) SO(p, 2n+ 1− p) n(2n+ 1)

Spin(2n+ 1) •⇒=•−• · · · −•
1 2 2 . . . 2

Cn Sp(n,C) Sp(n) n(2n+ 1)
•=⇐•−• · · · −•
2 1 1 . . . 1

Dn SO(2n,C) SO(2n) SO(p, 2n− p) n(2n− 1)

Spin(2n) •−•− · · · −•−•−•
•

G2 −−−−−− −−−−−−−−−−−−−−−− 14
•≡•

F4 −−−−−− −−−−−−−−−−−−−−−− 52
•−•=•−•

E6 −−−−−−− −−−−−−−−−−−−−−−− 78
•−•−•−•−•

•
E7 −−−−−− −−−−−−−−−−−−−−−− 133

•−•−•−•−•−•
•

E8 −−−−−− −−−−−−−−−−−−−−−− 248
•−•−•−•−•−•−•

•

The dimensions given are the real dimensions of the real forms or what is the same,
the complex dimensions of the complex forms.

Thus, we see that the diagram for C2 is the same, except for an irrelevant switch
in direction, as that for B2. Hence, the unique simply connected compact real forms
must be the same; that is, Sp(2) = Spin(5).

Similarly, the diagram for D3 is the same as for A3, from which we conclude that
SU(4) = Spin(6).

The diagrams for A1, B1, C1 are all just a single vertex, which gives a graphic
explanation of the isomorphisms SU(2) = Spin(3) = Sp(1).
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The diagram for D2 is a disconnected pair of vertices, which is two copies of
that for A1; we would label it A1 + A1, since as a Lie algebra it is the direct
sum of two copies of A1. We have constructed the corresponding isomorphism of
compact simply connected groups, SU(2)× SU(2) = Spin(4) by using the algebra
of quaternions.

We illustrate an isomorphism related to SU(4) = Spin(6), but for other real
forms. We start with the action of Sl(4,R) on R4. This can be extended to an ac-
tion on the 6-dimemsional space of bivectors

∧2
R. Thus, we have a homomorphism

Sl(4,R) → Gl(6,R). Now Sl(4,R) is by definition the oriented volume-preserving
linear transformations of R4, which means that we can distinguish an invariant
basis of the 1-dimensional space

∧4
R, thus identifying that space with R. Then

the operation of multiplication of two bivectors to get a 4-vector can be identified in
turn with a symmetric bilinear form on

∧2
R. Some simple basis calculations show

that this bilinear form is nondegenerate and of index 3. Since the image of Sl(4,R)
in Gl(6,R) obviously preserves this bilinear form, it must be a subset of SO(3, 3).
By the simplicity of both and the equality of dimensions we conclude that we have
a covering map Sl(4,R) → SO(3, 3). But by examining the product structure of
Gl(6,R) as it restricts to SO(3, 3) we conclude that SO(3, 3) is diffeomorphic to
SO(3)×SO(3)×R9, and so has fundamental group Z2+Z2, while the same method
gives that the fundamental group of Sl(4,R) is Z2. The covering map has to be
two-fold; it is also easily checked that the kernel is {I,−I}.

The classical spinor group is a unitary subgroup of invertible elements in the
Clifford algebra, which is constructed as a quotient of the tensor algebra over Rn

by an ideal depending on a symmetric bilinear form; if the bilinear form is taken to
be 0, the construction gives the Grassmann algebra; but for the Clifford algebra the
bilinear form is taken to be the standard positive definite inner product. The ideal
is generated by elements of the form vv − b(v, v)1 where v ∈ Rn, and the quotient
has dimension 2n, just as with the Grassmann algebra. However, the gradation
is coarser, with only even and odd degrees distinguishable; that is, the Clifford
algebra is Z2 graded. More details are given in Chevalley, pp 61-67. When n is
even, the regular representation of the invertible elements on the even subalgebra
of the Clifford algebra gives a realization of Spin(n) as N × N matrices, where
N = 2n/2. To many physicists that matrix realization, or maybe just its Lie
algebra, is what is meant by spinors.

The isomorphism Sp(2) = Spin(5) can be given explicitly as follows. View 5-
dimensional Euclidean space as the 2×2 quaternion matrices which are quaternion-
adjoint and of trace 0:

x =
[
x1 q
q̄ −x1

]
,

where q = x2+x3i+x4j+x5k. The inner automorphism action of Sp(2) on gl(2, Q)
leaves this real subspace invariant and acts orthogonally. The kernel of the induced
map Sp(2) → SO(5) is {I,−I} and the dimensions are the same. More details
follow.

(1) The inner product on R5 is given by

x2 =
[
x1 q
q̄ −x1

]2
=
[
x2

1 +N(q) 0
0 x2

1 +N(q)

]
= 〈x, x〉I.
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(2) The condition for a 2×2 quaternion matrix T to be in Sp(2) is that T ∗T = I
where T ∗ is the transpose-conjugate of T .

(3) α : Sp(2) → Gl(5,R), T → (x → TxT ∗), because R5 is invariant: x ∈ R5

if and only if tr(x) = 0 and x = x∗. But (TxT ∗)∗ = T ∗∗x∗T ∗ = TxT ∗ and
tr(TxT ∗) = tr(T ∗Tx) = tr(x) = 0. 1 is clearly a homomorphism.

(4) α(Sp(2)) ⊂ SO(5) : 〈α(T )x, α(T )x〉I = (TxT−1)2 = Tx2T−1 = T (〈x, x〉I)T−1 =
〈x, x〉I. Since Sp(2) is connected, the range is in the connected component
of I in O(5), that is, in SO(5).

(5) Ker α is just {I,−I}.
If TxT−1 = x for all x ∈ R5, in particular, taking x1 = 0, we calculate

Tx = xT : T12q̄ = qT21, T11q = qT22, T21q = q̄T12. Taking q = 1 gives
T11 = T22, T12 = T21. For other q, T11 commutes with all, so must be real.
Letting q = i and T12 = u+ vi+ zj + wk, we get u = v = 0. Taking q = j
gives z = 0 and q = k gives w = 0. Thus, T is diagonal and real. Since
TT ∗ = I, T = I or −I.

(6) The dimension of each Sp(2) and SO(5) is 10, so that α, being a local
homeomorphism, covers a neighborhood of I in SO(5), and hence covers
all of the connected group SO(5).
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6. The Lie group–Lie algebra relationship

Let G be a Lie group, that is, a C∞ manifold with a group structure for which
multiplication and inverse are C∞ maps. Then λg : G → G, h → gh, left transla-
tion, is C∞ and has a C∞ inverse. Hence, λg is a diffeomorphism for every g ∈ G.

A left-invariant vector field on G is a vector field X such that for all g ∈
G,λg∗X = X. That is, λg∗X(h) = X(gh) for all h.

The Lie algebra ĝ of G is the collection of all left-invariant vector fields, provided
with the operations making it a vector space over R (or C ifG is a complex manifold)
and bracket. The fact that ĝ is closed under these operations follows immediately
from the properties of the left translations.

As a vector space map, the evaluation X → X(e) ∈ Ge is an isomorphism from
ĝ onto the tangent space of G at e; each left-invariant vector field is determined
uniquely by its value at e. In particular ĝ has the same dimension as G.

6.1. A Homomorphisms. Let α : G → H be a C∞ homomorphism. Then α∗ :
ĝ → ĥ is a Lie algebra homomorphism.

Proof. If X is a left-invariant vector field on G, then the left-invariant vector field
Y generated by α∗(X(e)) is α-related:

α∗(X(g)) = α∗(λg∗X(e)) = (αλg)∗(X(e)) = (λα(g)α)∗(X(e)) = λα(g)∗Y (e) = Y (α(g)).

We used the fact that αλg(g′) = α(gg′) = α(g)α(g′) = λα(g)α(g′). Hence, α∗[X,X ′] =
[α∗X,α∗X ′].

Note that α∗X is defined only on α(G) initially, but that it doesn’t matter �

6.2. B Subgroups. If G is a C∞ submanifold of H, also a subgroup, then ĝ is a
subalgebra of ĥ. The inclusion i : G → H induces an injection i∗ : ĝ → ĥ which is
also a Lie algebra homomorphism. Hence the image is a subalgebra.

6.3. C Direct sums. If ĝ and ĥ are Lie algebras, their direct sum is their direct
sum as vector spaces with Lie algebra structure:

[(X,Y ), (X ′, Y ′)] = ([X,X ′], [Y, Y ′]).

ĝ and ĥ are naturally included in ĝ + ĥ as ideals.

6.4. D Subalgra ⇒ Subgroup. If ĝ is the Lie algebra of G and ĥ is a subalgebra,
then there is a C∞ subgroup H of G such that the Lie algebra of H is ĥ.

Proof. At each point of G the elements of ĥ span a subspace of the same dimension.
Thus, ĥ corresponds to a subbundle of TG. This subbundle is spanned by vector
fields in ĥ, which is closed under bracket. Hence, the subbundle is integrable.

Let H be the maximal connected integral submanifold containing e. To show
that H is a subgroup it suffices to show that for all h ∈ H, hH = H.

Since λh∗ leaves ĥ invariant, λh(H) is also a maximal connected integral sub-
manifold of the subbundle. But λh(H) contains λh(e) = h. Hence, λh(H) = H.

We know then that µ|H×H : H × H → G is C∞ as a map into G and that
its range is in H. It is not generally true that a C∞ map into a manifold which
happens to have its image in a submanifold is still C∞ when viewed as a map into
the submanifold. (Our submanifolds are not necessarily closed submanifolds; they
may be immersed submanifolds according to another terminology.) The map may
fail to be continuous as a map into the submanifold; one standard example is a
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segment mapped onto a figure 8. However, if the map is continuous as a map into
the submanifold, then it is C∞, and it always is continuous when the submanifold
is a connected integral submanifold. Thus, in the case in question µ : H ×H → H
and ι : H → H are C∞ and consequently H is a Lie group.

In the case at hand we can show that µ is C∞ on H×H into H if we recall that at
each point there are Frobenius coordinates for which the integral submanifolds are
coordinate slices, and also recall that a connected integral submanifold can meet
the coordinate neighborhood in only countably many slices. There is a proof in
Warner’s book. Suppose that µ(x, y) = z. Take these distinguished coordinates at
each point, xi at x, yi at y, zi at z, with the slices defining H and other integral
submanifolds being given by setting the last n − m coordinates to constants. In
terms of these coordinates µ is given by C∞ functions zi = µi(x1, . . . , yn). If any
µm+j were nonconstant on the slice for H × H, then by the intermediate value
theorem it would take uncountably many values. Thus, µm+j must be constant on
that slice for j = 1, . . . , n−m. The remaining µi are C∞ functions of xi’s and yi’s,
so that µ is a C∞ map as a map into H. �

6.5. E One-parameter subgroups. In particular, if ĥ is a one-dimensional sub-
space of ĝ, then it is trivially a subalgebra whose integral manifold is a one-
dimensional subgroup. In fact, for each X ∈ ĝ this one-dimensional subgroup is the
integral curve of X starting at e, say, γX : R → G. Again we have λγX(t)∗X = X,
so that s→ λγX(t)γX(s) is the integral curve of X starting at γX(t). Thus, we have

γX(t+ s) = γX(t)γX(s),

so that not only is the curve a subgroup as an integral submanifold, but the
parametrization as an integral curve has a meaning; namely, γX is a homomor-
phism (R,+) → G.

We call γX the 1-parameter subgroup generated by X. Evidently the flow of X is
ργX(t), right multiplication by γX(t).

6.6. F Exponential map. The exponential map of G is

exp : ĝ → G,X → γX(1).

If we choose a basis of ĝ, we can consider the components of X as parameters for
the system of differential equations which we solve to get γX(t). It follows that
those solutions are C∞ functions of the parameters, so that exp is a C∞ map.

When G is a matrix Lie group, the interpretation of the matrix exponential as
the solution of X ′ = XA show that the two definitions agree.

By its definition, exp0∗X(e) = {tangent to t → exp(tX) at t = 0} is just
X(e) ∈ Ge. Using the identification of Ge with ĝ, and omitting the subscript 0, we
simply write exp∗X = X. (Another identification, of the vector space ĝ with its
tangent space at 0 is involved too.) It follows that exp is a diffeomorphism of some
neighborhood V of 0 in ĝ onto some neighborhood U of e in G.

Choosing a basis b = (X1, . . . , Xn) of ĝ, we get a linear isomorphism b : Rn → ĝ.
Thus,

b−1(exp |V )−1 : U → Rn

forms a coordinate system at e. These are called canonical coordinates of the first
kind. Any other choice of b gives coordinates related by a linear transformation,
that is, canonical coordinates of the first kind are uniquely determined up to a
linear isomorphism.
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Problem 6.1. Show that the complex exponential function is the exponential map
of the Lie group of multiplicative nonzero complex number.

6.7. G Second canonical coordinates. The map (t1, . . . , tn) → exp(t1X1) . . . exp(tnXn)
is given by a composition of maps, all of which are C∞ injections into ĝ, the carte-
sian product of copies of exp, and the iteration of the multiplication map. The
effect of holding all ti’s fixed at 0 except one is to run along one of the γXi

, and
since these have independent directions at t = 0, starting at e ∈ G, the map is
regular at (0, . . . , 0). Hence, it has a local C∞ inverse, forming a coordinate map
in a neighborhood of e. These are called canonical coordinates of the second kind.
They do not change linearly when we change the basis.

6.8. H Uniqueness of 1-parameter groups. Suppose we take U as in F so
small that U2 is also contained in a coordinate neighborhood of the first kind. Let
g ∈ U . then for X = exp−1 g, (exp(X/2))2 = γX(1/2)2 = γX(1) = g. There is
no other h ∈ U such that h2 = g because h = expY for some Y ∈ exp−1 U gives
h2 = exp 2Y = expX, which implies X = 2Y .

By iteration it follows that every g ∈ U has a unique 2mth root exp(2−mX) in U .
Moreover, the dyadic rational powers gp/2

m

= exp(p2−mX) are uniquely defined in
U and are all on the 1-parameter subgroup γX and dense in the initial segment of
it, for p < 2m.

Now suppose that γ : V → U is a continuous local homomorphism, with [0, 1] ⊂
V ⊂ R and that γ(1) = g. It follows from the uniqueness that γ(p/2m) = γX(p/2m),
and then by denseness that γ and γX are the same on [0, 1]. By uniqueness of
inverses, they also coincide on the negative part of some interval about 0.

If γ were a global homomorphism R → G, then it would have to coincide with
γX globally, since a neighborhood of 0 generates R.

Thus, we have a first theorem of the sort: continuity plus group homomorphism
implies differentiability. It enables us to get the general result of the same sort
immediately.

6.9. I Differentiability of continuous homomorphisms. Now suppose we have
a continuous homomorphism α : H → G from one Lie group to another. Then
for each 1-parameter group t→ exp(tY ), Y ∈ ĥ, we get a continuous 1-parameter
group t→ α(exp(tY )) in G. Hence there is X ∈ ĝ such that α(exp(tY )) = exp(tX).

We claim that α is C∞ and X = α∗Y .
Let Y1, . . . , Ym be a basis of ĥ, and letX1, . . . , Xm ∈ ĝ be such that α(exp(tYi)) =

exp(tXi). (We do not assume that theXi are linearly independent or even nonzero.)
Then

α(exp(t1Y1) . . . exp(tmYm) = exp(t1X1) . . . exp(tmXm)

is evidently a C∞ function of (t1, . . . , tm), which can be thought of as coordinates
of the second kind on H. Thus, α is C∞ in a neighborhood of e. But then by left
translation α is C∞ everywhere.

Thus, we have proved:

Theorem 6.2. A continuous homomorphism of Lie groups is C∞. Moreover, such
a homomorphism and its tangent map intertwine with the exponential map, that is,
the following diagram commutes.
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ĥ
α∗ > ĝ

exp exp
∨ ∨

H α > G

6.10. J Quotient groups. If N is a closed normal subgroup of a topological group
H, then H/N , with the quotient topology, is a topological group; the following
diagram is commutative.

H ×H
µ

> H

π × π π
∨ ∨

H/N ×H/N
µ
> H/N

When H is a Lie group and N is a Lie subgroup (assumed closed), then we can
make H/N into a manifold and check that it is a Lie group, as follows.

Take a basis Xp−n+1, . . . , Xp of n̂, extend it to a basis X1, . . . , Xp of ĥ. Let
h ∈ H. We specify coordinates on H/N in a neighborhood of hN as follows.

h exp(t1X1) . . . exp(tp−nXp−n)N → (t1, . . . , tp−n).

The left translates of canonical coordinates of the second kind on H to h are:

h exp(t1X1) . . . exp(tpXp) → (t1, . . . , tp).

Thus, with respect to these coordinates on H and H/N the canonical projection
π : H → H/N has as its coordinate expression the projection of Rp onto its first
p− n coordinates.

To make sure that the coordinates on H/N are actually defined we must use
the fact that N is closed, and consequently, we can restrict the coordinates of the
second kind around e so that N meets that coordinate neighborhood in a single
coordinate slice.

It takes some calculations with canonical coordinates to show that multiplication
on the quotient is C∞.

6.11. K Homogeneous spaces. Even when N is not normal, but is just a closed
subgroup of H, then the above technique gives a definition of coordinate systems
on the homogeneous space of left cosets H/N .

Problem 6.3. Suppose that H is a Lie group and N is a closed Lie subgroup.
(a) Prove that two of the coordinate systems whose domains overlap are C∞-

related, so that H/N actually has a C∞ manifold structure.
(b) Prove that the natural map π : H → H/N is a submersion.
(c) The action of H on H/N is given by

λk : H/N → H/N, hN → khN.
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Prove that this action is C∞ as a map

H ×H/N → H/N, (k, hN) → khN.

Finally, we note that π : H → H/N is a principal bundle with structural group
(the fiber in the case of a principal bundle) N ; the right action of N on H is just
right multiplication in H, ρg : H → H, and leaves the fibers π−1(hN) invariant for
g ∈ N .

Examples 6.4. (a) Verify that Sn−1 = SO(n)/SO(n − 1) = O(n)/O(n − 1)
is the sphere with its usual analytic structure.

(b) Projective n-space can be viewed as Pn = Gl(n+1)/N where N is the sub-
group of Gl(n+1) which leaves a chosen 1-dimensional subspace invariant.
However, the normal subgroup of scalar matrices F ∗ · I in Gl(n + 1) acts
trivially on Pn, so that we can pass to the quotient groups Gl(n+1)/F ∗ · I
and N/F ∗ · I. Gl(n+ 1)/F ∗ · I is called the projective linear group, or the
group of projectivities. It is the group of projective geometry in the sense
of Klein’s erlanger program.

6.12. L The adjoint representation of a Lie group.

Definition 6.5. A realization of a group G on S is a homomorphism α : G →
Aut(S), where Aut(S) is the group of invertible morphisms of a structure S.

When S is a vector space, then Aut(S) is the group of nonsingular linear trans-
formation of S, Gl(S), in which case we call a realization a representation of G on
S. The same term is used when S has a topology and the automorphisms of S are
required to be homeomorphism (that is, bounded linear operators with bounded
linear inverses on Banach spaces).

When G is a Lie group, then for every g ∈ G we have the inner automorphism
αg : G → G, h → ghg−1. Thus, α : G → Aut(G) is a realization of G on G.
By A, since αg is C∞ we have αg∗ : ĝ → ĝ, which an automorphism of the Lie
algebra ĝ. We denote this by Ad(g) = αg∗. Clearly Ad is a representation of G
on (the underlying vector space of) ĝ. It is called the adjoint representation of G,
Ad : G→ Gl(ĝ).

Note that αg = λg · ρg−1 = ρg−1 · λg, and hence Ad(g) = ρg−1∗ · λg∗ = ρg−1∗.
In general, for a C∞ homomorphism of Lie groups, α : G → H we have a

commutative diagram

ĥ
α∗ > ĝ

exp exp
∨ ∨

H α > G

Apply this to α = αg to get, for X sufficiently close to 0 ∈ ĝ:

Ad(g)X = exp−1(g · exp(X) · g−1).
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choosing a basis Xi of ĝ and expressing Ad(g)Xi in terms of this basis, we see that
the right side has coefficients which are C∞ functions of some coordinates on ĝ:

Ad(g)Xi =
n∑
j=1

aji(g)Xj .

It follows that Ad : G→ Gl(ĝ) is a C∞ homomorphism.

6.13. M Kernel of Ad, centralizer, faithful representation. The kernel of
Ad consists of those g ∈ G such that α∗ is the identity on ĝ. Again, by the
commutativity with exp, αg leaves a neighborhood of e ∈ G pointwise fixed. This
means that g commutes with all elements in some neighborhood of e; but then g
commutes with all elements in Go, the connected component of e. Thus,

ker Ad = centralizer of Go = ZG(Go).

We conclude that ZG(Go) is always a closed subgroup of G. When G is connected,
it is the center of G.

We say that a representation is faithful when it is injective. That is, it gives
an isomorphism with a matrix group. Thus, the adjoint representation is faithful
when the centralizer ZG(Go) is trivial. More generally, Ad always induces a faithful
representation of the quotient group:

G/ZG(Go) → Gl(ĝ).

6.14. N Lie algebra representations. For a representation α : G → Gl(V ) the
corresponding Lie algebra homomorphism α∗ : ĝ → gl(V ) is a realization of ĝ as
linear transformations of V , due to our identification of the Lie algebra of Gl(V )
with gl(V ). Moreover, brackets on Gl(V ) have been identified with commutators,
so that

α∗[X,Y ] = α∗(X)α∗(Y )− α∗(Y )α∗(X).

Definition 6.6. Let ĝ be an abstract Lie algebra. A linear transformation {τ :
ĝ → gl(V )} such that τ(X)τ(Y ) − τ(Y )τ(X) = τ [X,Y ] is called a representation
of ĝ on V .

6.15. O Derived representation ad of Ad. We calculate the derived represen-
tation of Ad, which is denoted by ad, so that ad = Ad∗.

To do this we need a standard formula for brackets of vector fields on a manifold.
Let γt be the flow of a vector field X. Then

[X,Y ](m) =
d

dt
(0) {γ−t∗(Y (γt(m)))} .

For a left-invariant vector field X on G we have seen that the flow is just ρexp(tX).
Thus, we have for X ∈ ĝ

[X,Y ](g) =
d

dt
(0)
{
ρexp(−tX)∗(Y (g exp(tX)))

}
.

On the other hand

(Ad∗X)Y =
d

dt
(0)(Ad exp(tX))Y

=
d

dt
(0)ρexp(−tX)∗Y,

which is the same except for evaluation at points. We have proved:
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Theorem 6.7. (adX)Y = [X,Y ].

It is easy to check directly that for any abstract Lie algebra ĝ the bracket gives a
representation of ĝ on ĝ, which is again called the adjoint representation of ĝ. The
reader should check this as an exercise. Of course, the same notation “ad” is used.

6.16. P Commutative Lie groups, commutative Lie algebras. Suppose that
G is a commutative Lie group. Then clearly the image of Ad is just the identity
transformation. Differentiating, we get that the image of ad is just {0}. Thus, for
all X,Y ∈ ĝ, [X,Y ] = 0.

Conversely, suppose that [X,Y ] = 0 for all X,Y ∈ ĝ. Then by the commutative
diagram relation Ad · exp = exp ·ad, we conclude that in a neighborhood of e ∈ G,
Ad : U → {Id}. Again by the commutative diagram relations αg ·exp = exp ·Ad(g),
we conclude that g exp(X) = exp(X)g. Thus, all group multiplication on U is
commutative. We have proved

Theorem 6.8. The connected component of e in a Lie group is commutative if and
only if the Lie algebra of the group is commutative.

We can prove this in another way. In general, the vanishing of brackets, [X,Y ] =
0, on a manifold, is equivalent to the commuting of the flows of the vector fields.
But we have seen that the flow of a left-invariant vector field X is {ρexp(tX)}.
Thus, [X,Y ] = 0 iff ρexp(tX)ρexp(sY ) = ρexp(sY )ρexp(tX) iff exp(sY ) · exp(tX) =
exp(tX) · exp(sY ).

When the two vector fields are linearly independent, we can obtain coordinates
xi such that

X =
∂

∂x1
, Y =

∂

∂x2
.

But then we see that the flow of tX + sY is {ρexpu(tX+sY )}, parametrized by u.
Setting u = 1, we get exp(tX + sY ) = exp(tX) · exp(sY ). We observe that this
means that exp is a homomorphism of (ĝ,+), viewed as a Lie group, onto Go. We
state this as

Theorem 6.9. If a Lie group G is connected and commutative, then the universal
covering group is isomorphic to (Rn,+).

It is easy to classify the discrete subgroups of (Rn,+) as lattices with a certain
number k of linearly independent generators. Consequently, we have a classification
of connected commutative Lie groups up to isomorphism:

Theorem 6.10. A connected commutative Lie group is isomorphic to a direct
product

(S1)k × (Rn−k,+).

There can be further distinctions within an isomorphism class due to additional
structure; for example, a Riemannian structure which is invariant under group
translation; or more importantly, a complex analytic structure on a commutative
Lie group is called an abelian variety.
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6.17. Q Normal subgroups, ideals. Let N be a normal Lie subgroup of G. Then
for g ∈ G we have a diagram

ĝ Ad > ĝ

exp exp
∨ ∨

(G,N)
αg

> (G,N)

Because of normality we have αg acting on the pair (G,N). Hence, when we lift
to ĝ, we must have that n̂ = exp−1(N) is an invariant subspace of Ad(g). Letting
g = exp(tX), with X ∈ ĝ, and differentiating with respect to t, we find that ad(X)
leaves n̂ invariant. Thus,

Proposition 6.11. The Lie algebra of a Lie normal subgroup is an ideal.

Conversely, suppose that G is connected and n̂ is and ideal of ĝ. Let N be the
connected subgroup corresponding to n̂. The fact that n̂ is an ideal means that
if we take a basis which spans n̂ first, then the matrices which correspond to any
ad(X) have the block triangular form[

∗ 0
∗ ∗

]
. But the exponential of any such matrix has the same form; that is, if A ∈ gl(ĝ)
leaves n̂ invariant, so does exp(A). We conclude that for a neighborhood U of e in
G, the elements of Ad(U) leave n̂ invariant. Again, from the commutative diagrams

(ĝ, n̂) Ad > (ĝ, n̂)

exp exp

∨ ∨
(G,N)

αg
> (G,N)

we conclude that αg leaves a neighborhood V of e in N invariant. Since N is
connected, we finally get that αg leaves all of N invariant, thus proving

Proposition 6.12. If G is connected and n̂ is an ideal of G, then the connected
subgroup N of G which corresponds to n̂ is a normal subgroup.

Normality has a surprising topological consequence when the containing group is
simply connected; namely, a connected normal Lie subgroup of a simply connected
Lie group is closed. This can fail when the ambient group is not simply connected;
for example, every subgroup of the torus S1 × S1 is normal, but the winding lines
are not closed. It can fail also when the subgroup is not normal; the same example
shows this because the torus is contained in the simply connected group SU(3) as
a non-normal subgroup.

To prove that interesting fact we use an even more basic result, that every finite-
dimensional Lie algebra is the Lie algebra of some Lie group (when the field is R
or C, of course). The proofs of this more basic result use one of the rather difficult
theorems of Lie algebra theory, either Levi’s theorem or Ado’s theorem, and give
as an additional benefit that a Lie group has a unique analytic structure.
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Levi’s theorem is the fact that the radical of a Lie algebra has a Lie subal-
gebra complement, so that the algebra can be realized as a semi-direct product
(see S below) of a solvable algebra and a semisimple one. Levi’s theorem is proved
nowadays as an application of the cohomology theory of Lie algebras. When the
summands of a semi-direct product are both Lie algebras of Lie groups, then there
is a straightforward semi-direct product of the Lie groups. For the semisimple part
we get a corresponding Lie group because the adjoint representation of the algebra
is faithful; that is, a semisimple Lie algebra can be viewed as a matrix Lie algebra,
so that there is a corresponding matrix Lie group. The solvable summand can be
shown to be the Lie algebra of an analytic Lie group having Cartesian space as its
underlying manifold by iteration of the same result (the semi-direct product con-
struction) for which the new factor in each iteration is simply the Lie group (R, +).
In fact, the meaning of solvability is essentially that there is an increasing sequence
of ideals ending in the whole such that the quotient of one to the next is R. More
details of this approach are given in Pontrjagin.

Ado’s Theorem is the fact that every finite-dimensional Lie algebra has a
faithful representation; there is no restriction on the field. When the field is R or
C, we get the immediate corollary that every Lie algebra over R or C is the Lie
algebra of a matrix Lie group. Again this produces the analytic structure.

However, it does not follow that every Lie group has a faithful finite-dimensional
representation; that is not true, as is shown by the example of the simply connected
covering group of Sl(2,R). A basic step in the representation theory of all semi-
simple Lie algebras is to classify the irreducible representations of sl(2,R) and
to show that every finite-dimensional representation is a direct sum of irreducible
ones. They all arise as irreducible summands of the iterated tensor product of
the definitive representation on R2. Hence, every matrix group locally isomorphic
to Sl(2,R)is known from this classification of its Lie algebra representations, and
the fact that the representations of the algebra and the group commute with the
exponential map. None of these representations “unwind” any of the fundamental
group of Sl(2,R); that is, it is impossible for any of the representations to separate
the points of the discrete normal subgroup which is the kernel of the universal
covering.

Theorem 6.13 (On closed normal subgroups). A connected normal Lie subgroup
of a connected, simply connected Lie group is closed.

We prove this using the above-described result that every Lie algebra over R is
the Lie algebra of a Lie group. Suppose that G is a connected, simply connected Lie
group and that n̂ ⊂ ĝ is an ideal. Let ĥ = ĝ/n̂ be the quotient Lie algebra and let
H be a Lie group for ĥ. The projection π : ĝ → ĝ/n̂ and the exponential maps of G
and H give us a local homomorphism exp ·π ·exp−1 from a neighborhood of e ∈ G to
H. By the monodromy theorem there is a global homomorphism α : G→ H having
π = α∗. The Lie algebra of the kernel K must be n̂, and since α is continuous, K
is closed. The connected subgroup N belonging to n̂ is Ko, which is closed in K,
so that N is closed too.

The assumption that N is connected was essential. For example, the rational
points in R can be considered to be a 0-dimensional normal subgroup.
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6.18. R Commutator subgroup, derived Lie algebra. The commutator sub-
group of a group G is the subgroup generated by commutators ghg−1h−1. This is
also called the derived group.

If ĝ is a Lie algebra, the subalgebra ĝ′ generated by all brackets [X,Y ] is called
the derived algebra.

Proposition 6.14. ĝ′ is actually spanned by brackets and it is an ideal.

(Proof left for Lie algebra study.)

The quotient ĝ/ĝ′ is clearly commutative. It is easy to see that any ideal ĥ such
that ĝ/ĥ is commutative contains ĝ′.

Let G be connected and let N be the connected normal subgroup generated
by ĝ′. For some neighborhood U of the identity there is a local homomorphism
α : U → (ĝ/ĝ′,+) whose kernel is a neighborhood of e in N . If g, h ∈ U are
such that ghg−1h−1 ∈ U , then α(ghg−1h−1) = 0 because (ĝ/ĝ′,+) is commutative.
Hence, the commutators of elements of U which fall in U are in N . From group
theory we know that the normal subgroup generated by the commutators of a
set of generators is the commutator subgroup. Since a neighborhood V of e such
that V V V −1V −1 ⊂ U generates G, we conclude that the commutator subgroup is
contained in N .

Conversely, letX1, . . . , Xp be a basis of n̂ = ĝ′ and let Y1, Z1, . . . , Yp, Zp be vector
fields such that [Yi, Zi] = Xi. Let γi(t) = exp(tYi) exp(tZi) exp(−tYi) exp(−tZi), so
that γi is a C∞ curve in G′ which has first-order tangent 0 at t = 0 and second-order
tangent Xi(e). Let x1, . . . , xp be coordinates on N such that the dxi at e are a dual
basis to the Xi(e), with e the origin of the coordinate system. For any coordinates
based at the identity of a Lie group, the first-order part of multiplication is simply
addition of coordinates:

xi(gh) = xi(g) + xi(h) +O(2),

where O(2) is bounded by a homogeneous quadratic polynomial in the coordinates
of g and h. We have

xj(γi(t)) = δji t
2 +O(3),

and hence,
xj(γ1(t1)γ2(t2) . . . γp(tp)) = t2j +O(3),

which shows that these products fill up the first orthant of N with respect to these
coordinates. The rest of a neighborhood of e in N can be obtained by reversing
signs on the Xi. We have shown that N is generated by commutators.

Theorem 6.15. The commutator subgroup of a connected Lie group is the con-
nected subgroup generated by the derived algebra.

6.19. S Semi-direct products. Let G be a Lie group, N a normal subgroup and
H a subgroup. We say that G is an internal semi-direct product of N and H if the
mapping N×H → G, (n, h) → nh is a diffeomorphism. It follows that N and H are
Lie subgroups. We then have a map α : H → Aut(N), h→ αh, with αh(n) = hnh−1

which satisfies the conditions needed to form the semi-direct product N ×αH, and
it is trivial to prove that the product mapping is a Lie group isomorphism. Thus,
an internal semi-direct product is no more than a new viewpoint of an abstract
semi-direct product.



34 RICHARD L. BISHOP

Further, let n̂ and ĥ be the Lie algebras of N and H. Clearly ĝ = n̂+ ĥ as vector
spaces and we have seen that n̂ is an ideal, ĥ a subalgebra. This leads us to the
analogue for Lie algebras.

Definition 6.16. A lie algebra ĝ is an internal semi-direct sum of n̂ and ĥ if n̂ is
an ideal, ĥ is a subalgebra and n̂ and ĥ are complementary vector subspaces of ĝ.

Now we note that we know all about brackets in ĝ if we know:
(1) the Lie algebra structures on n̂ and ĥ,
(2) the brackets [X,Y ] for all X ∈ n̂ and Y ∈ ĥ.

Since n̂ is an ideal, these latter lie in n̂. Equivalent to (2) is knowledge of the
map

β =
(
adĝ |ĥ

)
|n̂ : ĥ→ gl(n̂).

Of course, β is a representation of ĥ on n̂. However, that does not tell us how the
β(Y )’s behave with respect to the Lie algebra structure on n̂.

Definition 6.17. A non-associative algebra (meaning “not necessarily associative”)
is a vector space â and a bilinear map ∗ : â × â → â. (This includes: associative
algebras, Lie algebras, Cayley numbers, Grassmann algebras, Jordan algebras, etc.)

An automorphism of (â, ∗) is a vector space isomorphism A ∈ Gl(â) such that
(Ax) ∗ (Ay) = A(x ∗ y) for all x, y ∈ â.

A derivation of (â, ∗) is D ∈ gl(â) such that

D(x ∗ y) = (Dx) ∗ y + x ∗Dy.
(There are also useful graded versions, in which the algebra and D are graded and

D(x ∗ y) = (Dx) ∗ y + (−1)grade(x)·grade(D)x ∗Dy.)

Proposition 6.18. The product of automorphisms is an automorphism. The
bracket of derivations is a derivation.

Proposition 6.19. If n̂ is an ideal of a Lie algebra ĝ, then ad(ĝ)|n̂ consists of
derivations of n̂.

(This is another version of the Jacobi identity.)
We will continue this story in the next section.

Definition 6.20. Let n̂ and ĥ be Lie algebras and let β : ĥ→ gl(n̂) be a represen-
tation of ĥ on n̂ such that β(ĥ) consists of derivations. Then the semi-direct sum
n̂ +β ĥ of n̂ and ĥ with respect to β consists of the vector space direct sum with
the Lie algebra structure given by the formula

[(X,Y ), (X ′, Y ′)] = ([X,X ′]− β(Y ′)X + β(Y )X ′, [Y, Y ′]),

for all X,X ′ ∈ n̂ and Y, Y ′ ∈ ĥ.

Problem 6.21. Prove that the Lie algebra of a semi-direct product is the semi-
direct sum with respect to the restrictions of the adjoint representation, as β is
defined above.

Problem 6.22. All non-commutative 2-dimensional Lie algebras over the same
field are mutually isomorphic; they can be realized as a semi-direct sum

n̂+β ĥ,
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where n̂ and ĥ are 1-dimensional and the map β : ĥ→ der(n̂) is given by mapping
a basis of ĥ into the identity transformation of n̂.

For the real field, construct the corresponding connected and simply connected
Lie group; that is, discover the formula for its group multiplication.

Problem 6.23. Another way to get the group of a Lie algebra is to realize the Lie
algebra as a Lie algebra of complete vector fields on a manifold and get the group
from the flows. Show that the 2-dimensional noncommutative Lie algebra over R
is isomorphic to that spanned by D and xD on R, where D = d

dx is derivative
with respect to the standard coordinate. Then calculate the group generated by
the flows of these two vector fields on R as a group of transformations acting on R.

Problem 6.24. Give an example of a connected Lie group G for which the Lie
algebra ĝ is a semi-direct sum, but G is not the semi-direct product of the connected
subgroups corresponding to the summands (for topological reasons).

6.20. T Automorphisms of Lie groups. Throughout this section let G be a
connected Lie group.

If α : G → G is an automorphism, then we have ween that α∗ : ĝ → ĝ is an
automorphism of the Lie algebra. Moreover, α is uniquely determined by α∗.

Conversely, if β : ĝ → ĝ is an automorphism, then there is a corresponding auto-
morphism α̃ : G̃→ G̃ of the simply-connected covering group of G. If N = π−1(e)
is the kernel of the covering homomorphism, then α̃ is the lift of an automorphism
of G if and only if α̃(N) = N .

Thus, the automorphism group of G is isomorphic to the subgroup of Aut(G̃)
consisting of those automorphisms leaving N invariant. Furthermore, the automor-
phism group of G̃ is isomorphic to the automorphism group of ĝ. The fact that
both are Lie groups then follows from general theorems, one about automorphisms
of nonassociative algebras immediately below and the other the main theorem in
the next section.

Theorem 6.25. The automorphisms of a finite-dimensional real nonassociative
algebra â form a Lie group. The Lie algebra of Aut(â) is isomorphic to the Lie
algebra of derivations of â.

Proof. Let X1, . . . , Xn be a basis of â. Then the algebra structure is completely
specified by the constants aijk giving the action of multiplication ∗ on the basis:

Xi ∗Xj =
n∑
k=1

aijkXk.

A linear isomorphism A ∈ Gl(â) is an algebra automorphism if and only if A
preserves multiplication in these formulas, that is, if AXi =

∑n
j=1AjiXj , then we

must have

AXi ∗AXj =
∑

AhiXhAkjXk

=
∑

AhiAkjahkpXp

=
∑

aijkAXk

=
∑

aijkApkXp.
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Equating coefficients, we find that the entries of A must satisfy the quadratic
polynomial identities∑

h,k

ahkpAhiAkj =
∑
k

aijkApk, for all p, i, j.

We already know that the automorphisms of â form a subgroup of Gl(â). Now we
see that they are the zero’s of a collection of n3 polynomials. Hence, by Problem
?? (see also section U. below) they form a Lie group.

Now suppose that X ∈ the Lie algebra of Aut(â). Then we have for all x, y ∈ â
and t ∈ R:

exp tX(x ∗ y) = (exp tXx) ∗ (exp tXy).
Differentiating with respect to t and setting t = 0 shows that X is a derivation of
â.

Conversely, suppose X is a derivation of â, and for given x, y ∈ â define f(t) =
exp tX(x ∗ y)− (exp tXx) ∗ (exp tXy). Then differentiating gives f ′(t) = Xf(t) for
all t, and setting t = 0 in the definition of f gives f(0) = 0. Thus, f satisfies a
system of homogeneous linear differential equations and is 0 at one point; but the
solution is unique, so that f is identically 0. This shows that the one-parameter
group generated by X consists of automorphisms, so that X is in the Lie algebra
of Aut(â). �

Problem 6.26. Let the topological group G act continuously on the topological
space M and let N be a closed subset of M . Let H = {g ∈ G : gN = N}. Prove
that H is a closed subgroup of G.

The fact that the automorphisms of a connected Lie group G from a Lie group
now follows from the corollary of the next section and Problem ??: a closed sub-
group of a Lie group is a Lie group; take as N the kernel of π : G̃→ G.

Definition 6.27. The derivations ad X, X ∈ ĝ are called inner derivations. All
other derivations are called outer. Similarly, we have inner automorphisms αg of a
group G; the others are called outer.

Problem 6.28.
(a) Show that the inner automorphisms of a group are a normal subgroup in the
group of all automorphisms.

(b) Show that the inner derivations of a Lie algebra are an ideal in the Lie algebra
of all derivations.

Example 6.29. The Heisenberg group H consists of matrices 1 x z
0 1 y
0 0 1

 ,
x, y, z,∈ R. The Heisenberg Lie algebra ĥ consists of the strictly triangular matrices 0 x z

0 0 y
0 0 0

 ,
spanned by the obvious matrices having a single 1, X,Y, Z. The structural equa-
tions for ĥ are [X,Y ] = Z, [X,Z] = [Y, Z] = 0. Hence, ĥ′ is spanned by Z and is
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the center of ĥ, and ĥ is nilpotent. Since the center is 1-dimensional and is always
the kernel of ad, the group of inner automorphisms is 2-dimensional.

Problem 6.30. (a) Calculate for H the coordinate expressions for multiplica-
tion µ and inverse ι.

(b) Calculate the exponential map and its inverse, log.
(c) Show that the subgroups defined by x = 0 and x = y = 0 are normal.
(d) Show that H is a semi-direct product R2 ×α R, with the additive group

structure on each factor. (By using (c) this can be done without calculating
α.)

(e) Does H have any discrete central subgroups? Describe the Lie groups
covered by H.

Problem 6.31. (a) Show that the group of inner automorphisms of H is iso-
morphic to R2.

(b) Calculate the algebra of derivations der(ĥ) in terms of the basis X,Y, Z,
showing that it is 6-dimensional.

(c) Show that there is a “complementary” subgroup G = Gl(2,R) to the group
of inner automorphisms of H, given by the action on ĥ as

A ∈ Gl(2,R) →
[
A 0
0 det(A)

]
,

with respect to the basis X,Y, Z.
(d) Hence Aut(H) = R2 ×ϕ Gl(2,R). Calculate the homomorphism

ϕ : Gl(2,R) → Gl(2,R) = Aut(R2).

Remark 6.32. In physics the Heisenberg algebra and group appear as operators
on real-valued functions of a real variable u. To the matrix X we assign the differ-
entiation operator D = d

du ; to Y we assign the operation of multiplying by u; and to
Z we assign the identity operator. Thus, we get a linear map of ĥ into operators on
functions which is easily checked to be a Lie algebra homomorphism. To see what
the corresponding operators for the group are one can calculate somewhat formally
with series the exponentials exp(xX), exp(yY ), exp(zZ) with the result that the
operations on functions should be, respectively, f(u) → f(u+x), multiplication by
eyu, and multiplication by ez. It is easy to check directly, then, that these three
families of operators generate a group isomorphic to the Heisenberg group.

6.21. U Cartan’s criterion. for a subgroup of a Lie group to be a Lie subgroup:
topological closure. The main theorem of this section is that a closed subgroup of
a Lie group is a submanifold, a Lie subgroup. This generalizes the theorem that a
zero-set of polynomial functions in the matrix entries which is a subgroup is a Lie
group (Problem ??).

The attribution of this theorem to Cartan seems to be questionable. In fact, von
Neuman seems to have published it first.

We can generalize the closed-subgroup theorem slightly by showing that locally
compact groups “in” a Lie group are Lie groups.

Theorem 6.33. Let H be a locally compact topological group and α : H → G an
injective continuous homomorphism of H into a Lie group G. Then H has a lie
group structure and α is C∞.
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Proof. The problem is a local one, since the structure we build in a neighborhood
of e can be translated to all other points of H. Thus, it is sufficient to show that α
is a homeomorphism on a neighborhood of e to a local Lie subgroup of G.

The fact that α is a homeomorphism on a neighborhood of the identity is a
simple consequence of local compactness. For if U is a compact neighborhood of e
in H, then a closed subset F in U is compact, so that α(F ) is also compact and
hence closed. This shows that (α|U )−1 is continuous.

Let xi be normal coordinates on G at e. Let r =
[∑

(xi)2
]1/2 and let W be an

open ball of radius a, given by r < a. There is a compact neighborhood U of e in
H such that α(U) ⊂ W and there is another compact neighborhood V such that
V 2 ⊂ U . Since α is a homeomorphism on U , it is harmless to simplify notation by
assuming that U is actually in G.

If U is discrete, then H is discrete too, and that makes H a 0-dimensional Lie
group.

Otherwise there are sequences of distinct points in V which converge to e. We
shall show that this forces H to contain 1-parameter subgroups which fill up a
neighborhood of e in H.

When we refer to “relative” topological notions, we are referring to the topology
on H.

Let B be the relative boundary of V . Since e is a relative interior point of V ,
e ∈ B. But B is compact, so that r has a minimum on B, say b.

Let V ′ be the intersection of V with the closed ball in G about e of radius b.
Then any point of V ′ which is not at distance b from e is not in B, so that it is a
relative interior point of V , hence also of V ′. We may as well replace V by V ′ and
hence assume that all of B is at distance b from e.

Now let hi be a sequence of distinct points in V such that lim(hi) = e. Then we
may write hi = expYi and Yi = tiXi, where the Xi are unit vectors with respect to
the coordinates xi, so that r(hi) = ti. By passing to a subsequence, we may assume
that lim(Xi) = X. We shall show that X generates a 1-parameter group in H.

Define k(i) to be the maximal exponent for powers of hi which are in V . Thus,
k(i)ti ≤ b. Because lim(hi) = e, the two sequences gi = exp[k(i)Yi] and gihi have
the same limit points. But by the definition of k(i), gi ∈ V and gihi ∈ V . (We do
not use the fact that V 2 ⊂ U much; at this point it guarantees that gihi ∈ U , so
that everything we mention stays inside the coordinate ball W .)

We conclude that any such limit point must be a relative boundary point of V ,
in B, and hence at distance b from e. But such a limit point must also be on the
1-parameter group exp(tX). This pins it down completely: there is only one limit
point of gi, it is exp(bX). That is, lim(k(i)ti) = b.

For any t, 0 < t < b, we can find a sequence p(i) of integers < k(i) such
that lim[p(i)ti] = t. Then it follows that (hi)p(i) = exp[p(i)tiXi] ∈ V and the
lim exp tX ∈ V too.

Now we know that what we should like to be the Lie algebra of H is nonempty:

ĥ = {X ∈ ĝ : exp tX ∈ V for all small t} .

We show that ĥ, so defined, is a subspace of ĝ. It is clear that ĥ is closed under
multiplication by scalars. If Y and Z are in ĥ, then let hi = exp(Y/i) · exp(Z/i).
Then the X as constructed above is the unit vector in the direction of Y +Z. Thus,
ĥ is closed under addition.
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Let X1, . . . , Xn be a basis of ĝ such that X1, . . . , Xm is a basis of ĥ. We use co-
ordinates of the second kind determined by this basis and assume that our compact
neighborhood V of e in H is contained in the coordinate neighborhood. We claim
that the coordinate slice generated by X1, . . . , Xm has no other points of V near
it, so that slice is a neighborhood of e in H. Otherwise there would be a sequence
on V of the form

hi = exp t1iX1 · · · exp tniXn, lim(tpi) = 0 for each p,

and for which some tpi with p > m is always nonzero. Then we could multiply by
exp(−tmiXm) · · · exp(−t1iXi), which is also in V , to get a sequence for which the
first m coordinates are all 0. It follows that the limit unit vector X, as constructed
above is not in ĥ, contrary to its definition.

Thus, a neighborhood of e in H has the structure of a C∞ manifold, which
completes the proof. �

Theorem 6.34 (Cartan’s Criterion). A closed subgroup of a Lie group is a Lie
subgroup with respect to the induced topology.

Proof. The inclusion induces a continuous homomorphism. A closed subset of a
locally compact space is again locally compact. (We could also use the above proof
with practically no change.) �

6.22. V Solvable Lie groups, algebras. A group is solvable if the sequence of
iterated commutator subgroups G(k) terminates in the trivial subgroup. When G is
a connected Lie group we have seen that G′ is also connected, so that by induction,
so are all the derived groups. It follows that a connected Lie group is solvable if
and only if its Lie algebra is solvable.

Problem 6.35. Prove that a Lie group is solvable if and only if both the Lie
algebra and the component group πo(G) are solvable.

This ends the lettered sections concerning the Lie group-Lie algebra relation.
We now turn to various facts in the general theory of Lie groups, using Lie algebras
and their connection with Lie groups as a tool.
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7. Local smoothness to global smoothness

When G is a topological group for which the local group structure, in a neigh-
borhood of e, is a smooth manifold with smooth multiplication, then that smooth
structure can be spread throughout the group. The analytic case is given in Cheval-
ley’s book and we give the C∞ version here. The argument is the same for any
degree of smoothness, even C1, word for word.

Theorem 7.1. Let G be a topological group such that there is a neighborhood of
the identity U and a homeomorphism γ : U → W ⊂ Rn defining coordinates in
terms of which, on some smaller neighborhood, multiplication and inverse are C∞.
Then there is a C∞ manifold structure on G with respect to which G is a C∞ Lie
group.

Proof. Let V be a neighborhood of e such that V 4 ⊂ U and for which V −1 = V ,
and µ : V 2 × V 2 → U is C∞ in terms of γ and ι : V 2 → V 2 is C∞. Let γ(V ) = Z.

The coordinates in a neighborhood of any g ∈ G are defined on the neighborhood
gV by the coordinate map γλg−1 : gV → Z = γV . We must show first that if gV
and hV intersect, then the coordinate transformation is C∞. If we have gp = hq,
with p, q ∈ V , then g−1h = pq−1 ∈ V 2. Since µ is C∞ on V 2 × V 2, λg−1h is
a C∞ map from V 2 into U , and, in particular, it is C∞ on V . The coordinate
transformation from a subset of Z to another subset of Z is given by

(γλg−1)(γλh−1)−1 = γλg−1hγ
−1,

which is a composition of C∞ maps, hence is C∞. Thus G is a C∞ manifold.

Next we observe that for any g ∈ G, λg is a C∞ map. This is trivial because in
terms of the distinguished coordinates, the coordinate expression for λg from hV
to ghV is just

(γλh−1g−1)λg(γλh−1)−1 = identity on Z.
For g ∈ V , ρg : V → V g is a C∞ map because µ is C∞. It follows that ρg is C∞

everywhere, because on hV we can decompose ρg as λhρgλh−1 , with the middle ρg
acting on V .

Then for g in the connected component of e, we can write g = g1g2 · · · gk with
each gi ∈ V , so that ρg = ρgk

· · · ρg2ρg1 is C∞.
Now we can prove that µ is C∞ on the connected component of e. Indeed, on

gV ×V h we can decompose µ as µ = λgρhµ(λg−1ρh−1), in which the middle µ acts
on V × V , so that it is C∞.

Similarly, we can decompose ι on the neighborhood V g of g, in the connected
component of e, as

ι = λg−1ιρg−1 ,

where the middle ι acts on V and is thus C∞.
To get that ρg is C∞ when g is not in the connected component of the identity,

we observe that λg−1ρg is a continuous homorphism of the connected component
of e, so that by the theorem in I, it is C∞. Hence ρg is C∞ from the connected
component of e to the component of g. In fact it is a diffeomorphism, since that
is true of left translations and of automorphisms of the connected component. On
the connected component of h we can decompose ρg into the product of right
translations ρhgρh−1 which carries the component of h to the component of hg
through the intermediate component of e. Thus, ρg is C∞ everywhere.
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The proofs that µ and ι are C∞ on the other components then proceed as above,
using right and left translations. �

7.1. Analytic structure – the Baker-Campbell-Hausdorff formula. There
is a formula for the multiplication on a Lie group in terms of the exponential map
and iterated brackets in the Lie algebra, the Baker-Campbell-Hausdorff formula. It
is attributed to three mathematicians:

Henry Frederick Baker, 1866-1956, who edited Sylvester’s papers.
John Edward Campbell, 1862-1924, Treatise on Lie groups, 1903, one of the first

works in English on Lie groups.
Felix Hausdorff, 1868-1942.

The formula starts

exp(X) exp(Y ) = exp
{
X + Y +

1
2
[X,Y ]− 1

12
[Y, [X,Y ]] + . . .

}
.

Nowadays it is proved by formal power series manipulations, as in Jacobson, pp
170-174, where you can see what the general term looks like. The associative law
holds as a formal power series identity. Of course, inverse is represented simply by
negation in the Lie algebra.

For a finite-dimensional real Lie algebra there is always a norm for which ||[X,Y ]|| ≤
||X|| · ||Y ||. Then it can be proved that the series converges whenever ||X||+ ||Y || <
log 2. Thus, group multiplication is analytic in terms of normal coordinates of the
first kind. Even without knowing Ado’s or Levi’s theorem we obtain that every
finite-dimensional Lie algebra is the Lie algebra of a local analytic Lie group.

7.2. Nilpotent Lie groups and algebras. One way of defining a nilpotent Lie
algebra is to require that iterated brackets of some fixed length are all 0. Hence the
series in the B-C-H formula reduces to a polynomial in the components of X and
Y with respect to a basis. Thus, the series always converges and defines a global
Lie group product on the Lie algebra. In particular, the simply connected covering
group of a nilpotent Lie algebra is always diffeomorphic to Rn. Nilpotent Lie groups
are just those for which multiplication in terms of first canonical coordinates is a
polynomial map.

Problem 7.2. The Heisenberg algebra has a very short length for nonzero brackets,
so that it is feasible to write out the full nonzero part of the B-C-H formula. Verify
that formula by comparison with the law for multiplication obtained from matrices.



42 RICHARD L. BISHOP

8. Representations of Lie groups, integration theory

The main goal of this section is the Peter-Weyl theorem, which says that for
L2(compact group) the matrix entries of all inequivalent finite-dimensional irre-
ducible representations form a complete orthonormal family.

8.1. The Riesz-Fischer Theorem. A special case of the Peter-Weyl Theorem
is the Riesz-Fischer Theorem for Fourier series. For this we take the group S1.
Because S1 is commutative, all the irreducible complex representations are 1-
dimensional. (See Corollary ??.) Then it is easy to see that the homomorphisms
S1 → Gl(1,C) are in one-one correspondence with Z: for n ∈ Z we have

αn : eiθ → einθ.

Then the Riesz-Fischer Theorem says that for every f ∈ L2(S1) the Fourier series∑n=∞
n=−∞ f̂ne

−inθ converges to f in L2, where

f̂n =
∫
S1
f(θ)einθ

1
2π
dθ.

8.2. Representations; irreducibility.

Definition 8.1. A representation α : G → Gl(V ) is irreducible if there is no
subspace W other than 0 or V such that α(g)W = W for all g ∈ G.

If α1, α2 are representations of G on V1, V2, then the direct sum of α1, α2 is the
representation α1+α2 on V1+V2 given by (α1+α2)(g)(v1, v2) = (α1(g)v1, α2(g)v2).
In terms of matrices, the direct sum is given by block-diagonal matrices[

α1(g) 0
0 α2(g)

]
.

Two representations α1 and α2 are equivalent if there is an isomorphism T :
V1 → V2 such that for all g ∈ G the diagram

V1
α1(g) > V1

T T

∨ ∨

V2
α2(g) > V2

commutes.
A finite-dimensional representation α is completely reducible if every invariant

subspace has a complementary invariant subspace. That is, an invariant subspace
always leads to a direct sum of irreducible representations. It turns out that for
important classes of groups all finite-dimensional representations are completely
reducible: semisimple, compact.

8.3. Tensor product of representations. If α1, α2 are representation on V1, V2,
then we get the tensor product representation α1 ⊗ α2 on V1 ⊗ V2:

(α1 ⊗ α2)(g)(
∑
i

v1i ⊗ v2i) =
∑
i

α1(g) v1i ⊗ α2(g) v2i.

When we are dealing with a connected Lie group G, then we have seen that a
representation α : G → Gl(V ) is determined by its differential α∗ : ĝ → gl(V ).
For direct sums we have (α1 + α2)∗ = α1∗ + α2∗. For tensor products we have
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a Leibnitz rule (α1 ⊗ α2)∗ = α1∗ ⊗ I2 + I1 ⊗ α2∗. The notions of irreducibility,
complete reducibility make sense with the passage to tangent maps:

Problem 8.2. Prove that if G is a connected Lie group and α is a representation
of G on V , then W is an invariant subspace of α if and only if W is an invariant
subspace of α∗.

8.4. Schur’s Lemma.

Lemma 8.3 (Schur’s Lemma (Form 1)). Let S be a subset of gl(V ) such that no
subspace of V other than 0, V is invariant under all elements of S (that is, S is
irreducible). Then the algebra â of all linear transformations of V which commute
with all elements of S is a division algebra (or trivial). V is assumed to be finite-
dimensional.

Proof. If T commutes with every A ∈ S, let W be the null space of T . For w ∈W
we have

TAw = ATw = 0.
Hence Aw ∈ W too. Thus W is an invariant subspace and, by hypothesis, W = 0
or W = V . If W = V , then T = 0. If W = 0, then T is invertible. �

Lemma 8.4 (Schur’s Lemma (Form 2)). Let S1, S2 be irreducible subsets of gl(V1), gl(V2),
respectively. Suppose that T : V1 → V2 is a linear transformation and suppose that
there are set-maps α : S1 → S2, β : S2 → S1 such that for all A ∈ S1 and B ∈ S2

the maps commute:
T ◦A = αA ◦ T, T ◦ βB = B ◦ T.

Then either T = 0 or T is an isomorphism.

The proof is essentially the same, but in two diretions.

Corollary 8.5. If the field of V is algebraically closed, then the algebra â consists
of scalar multiples of the identity.

Proof. The field being closed, T has an eigenvalue µ. Then T − µ · I is singular,
commutes with S, hence T − µ · I = 0. �

Corollary 8.6. If the field is R and V is odd-dimensional, then again â consists
of scalar multiples of I.

The proof is the same, since the characteristic polynomial of T has a real root.

Corollary 8.7. If G is a commutative group and α is an irreducible complex rep-
resentation on V , then the dimension of V is 1.

Proof. Since αG ⊂ â we have that αG consists of scalars. Hence, every subspace is
invariant, so that V has dimension 1. �

8.5. Integration theory. For topological groups in general there is a left-invariant
Borel measure, unique up to a multiple, the Haar measure. See, for example, the
book by L. Nachbin, The Haar Integral. In Pontryagin’s book the Haar integral is
developed in a simple concrete way for compact groups. For Lie Groups we have a
very quick way of getting the Haar integrals, using left-invariant (or right-invariant)
differential forms; see below. For compact groups we can normalize the measure so
that the measure of the whole group is 1. Thus, on S1 we take the measure to be
1
2πdθ.
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8.6. Integration of densities on manifolds. . The correct sort of integrand for
measure-theoretic integration on a smooth manifold is a density. No orientability is
required, and that is how densities differ from volume-elements (nonzero differential
forms of the highest degree). In old-fashioned tensor terminology, the law of change
of a density uses the absolute value of the Jacobian determinant in the same way
that the law of change of an n-form uses the Jacobian determinant itself (n = the
dimension of the manifold). A more modern version is

Definition 8.8. A density on M is a function µ on all n-tuples of tangent vectors
with a common base point such that if an n-tuple b is transformed to another
n-tuple c by a matrix g, c = bg, then µc = (µb)|det g|.

A density is measurable, continuous, positive, smooth, etc., if the functions ob-
tained by what the density assigns to coordinate-basis vector fields has the corre-
sponding property as a function of the coordinates.

Densities are added and multiplied by real-valued functions in the obvious point-
wise fashion. For a coordinate system the standard unit coordinate-density is the
one defined on the coordinate neighborhood which assigns the number 1 to the co-
ordinate basis field at each point. These can be patched together with a partition
of unity to get a positive density on the whole manifold.

If µ is a measurable density defined on a coordinate neighborhood U with co-
ordinate basis fields X1, . . . , Xn and γ : U → Rn is the coordinate map, then the
integral of µ on U is defined to be∫

U

µ =
∫
γU

µ(X1, . . . , Xn) · γ−1dx

where dx is Lebesgue measure on Rn.
If µ is a measurable density on M and {fα} is a partition of unity subordinate

to a covering by coordinate neighborhoods {Uα}, then the integral of µ on M , if it
exists, is given by ∫

M

µ =
∑
α

∫
Uα

fαµ.

If µ is positive, the existence is simply a question of whether each coordinate integral
exists and the sum is bounded.

If β is an n-form, then there is |β|, the absolute value of β, which is a density,
nonnegative, defined in the obvious way. If M is oriented, there is a unique den-
sity which coincides with β on oriented bases and the neagtive of β on oppositely
oriented bases.

If γ : M → N is a C1 map between manifolds of the same dimension and if µ is
a density on N , then µ pulls back under γ to a density γ∗µ on M . The definition
is just as for n-forms,

γ∗µ(X1, . . . , Xn) = µ(γ∗X1, . . . , γ∗Xn),

and due to the change-of-variable theorem for multiple integrals and the absolute-
determinant factors which are built into the definition of densities, integrals are
invariant under pull-back: ∫

γ(M)

µ =
∫
M

γ∗µ.
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8.7. Haar measures on Lie groups. If G is a Lie group with Lie algebra ĝ and
X1, . . . , Xn is a basis of ĝ, then there is a unique density on G such that for every
g ∈ G

µ(X1(g), . . . , Xn(g)) = 1.

It is clearly C∞ and invariant under all left translations. Just as clearly, any density
which is invariant under all left translations is a constant multiple of µ. The positive
ones are called left-invariant Haar measures on G.

If U is an open subset of G having compact closure, then U can be covered by
finitely many coordinate neighborhoods each having images in Rn with compact
closure. There is a subordinate partition of unity which can be used to integrate
the characteristic function 1U of U . It obviously exists, is finite and positive, and
so can be used to define the measure of U with respect to µ. Using the usual
measure-theoretic devices, we get that the µ-measurable sets include the sets in the
sigma-algebra generated by the open sets.

If G is compact, then we normalize µ so that the measure of all of G is 1.
We shall follow Pontryagin’s notation for the integral of continuous functions of

compact support, so that the left-invariance is expressed by∫
G

f(x)dx =
∫
G

f(ax)dx

for all a ∈ G.
In the same way we could define right-invariant Haar measures. In some impor-

tant cases this does not give any new measures at all, and more generally the two
kinds of invariant measures are related in an interesting way by a function on G,
called the modular function.

Definition 8.9. A topological group is unimodular if its left-invariant Haar mea-
sures are also right-invariant.

For the general situation, consider a continuous function f of compact support
on G. For each a ∈ G the right-translate f(xa) can be integrated with respect to
left Haar measure dx, and this new integration is again left-invariant:∫

G

f(bxa)dx =
∫
G

f(xa)dx.

This new integration must be a positive multiple of integration with respect to dx,
by the uniqueness of left Haar measures, so that there is a positive number ∆(a)
such that ∫

G

f(xa)dx = ∆(a)
∫
G

f(x)dx

for all f . Note that ∆(a) is determined from this formula by any single f of compact
support and nonzero integral.

We show that ∆ is continuous. Let f have integral 1 and compact support S and
let ε > 0. For every s ∈ S there is a compact neighborhood Vs of the identity such
that on the neighborhood sVs of s, f differs from f(s) by less than ε. The same will
be true of a smaller neighborhood Ws such that W 2

s ⊂ Vs. We can cover S by the
interiors of finitely many sets sWs, S ⊂ s1W1∪ . . .∪skWk. Let W = W1∩ . . .∩Wk.
We claim that f(xaw) − f(xa) is uniformly bounded by 2ε for w in W . For if
xa ∈ S, then there is I such that xa ∈ siWi, that is, xa = siui with ui ∈ Wi.
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Hence, xaw = siuiw ∈ siWiW ⊂ siVi, so that both f(xa) and f(xaw) differ from
f(si) by less than ε. Now we have

|∆(aw)−∆(a)| = |[∆(aw)−∆(a)]
∫
G

f(x)dx|

=
∣∣∣∣∫
S′

[f(xaw)− f(xa)]dx
∣∣∣∣

≤ 2ε
∫
S′
dx,

where S′ is the support of f(xaw)− f(xa). The support of f(xaw) is Sw−1a−1, so
that we conclude S′ ⊂ SW−1a−1. As we take ε smaller we probably have to take
W smaller; we certainly don’t have to increase W . Thus, we can limit our choices
of W to be inside one which works for ε = 1. In this way we get a bound on the
measure of S′, and can use the factor 2ε to make |∆(aw) − ∆(a)| as small as we
please.

Now we have ∫
G

f(xab)dx = ∆(b)
∫
G

f(xa)dx

= ∆(a)∆(b)
∫
G

f(x)dx

= ∆(ab)
∫
G

f(x)dx.

Hence, ∆ : G→ (R+, ·) is a continuous homomorphism.
When G is compact, ∆(G) must be a compact subgroup of R+, and there is

only one such, {1}. Thus, we have proved

Theorem 8.10. If G is compact, then G is unimodular.

Problem 8.11. Let G be a Lie group, ĝ its Lie algebra. For each g ∈ G we have a
linear endomorphism Ad(g) : ĝ → ĝ, which in turn has a determinant det(Ad(g)).
Prove that the unimodular function of G is given by

∆(g) = |det(Ad(g))|.

From Problem ?? we conclude:
1. G is unimodular if and only if Ad(G) ⊂ det−1{1,−1} ⊂ Gl(ĝ).
2. If G is connected, G is unimodular if and only if tr(ad) = 0.

Problem 8.12. Show that
∫
G
f(x−1)dx is a right Haar integral on G. If G is

unimodular,
∫
G
f(x−1)dx =

∫
G
f(x)dx.

A representation α : G → Gl(n,C) is unitary if α(G) ⊂ U(n). Then each α(g)
leaves invariant the standard Hermitian form on Cn.

If a representation α of G on a complex vector space V is equivalent to a unitary
representation, then the equivalence map T : V → Cn pulls back the standard Her-
mitian form to one on V which is invariant under all α(g). Conversely, if each α(g)
leaves invariant a Hermitian form on V , then we can take any orthonormal basis
with respect to this form to give us an isomorphism of V with Cn, showing that α is
equivalent to a unitary representation. Thus, the theory of unitary representations
is equivalent to the theory of invariant Hermitian positive-definite forms.
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Theorem 8.13. If G is a compact topological group, then every finite-dimensional
representation of G is equivalent to a unitary representation.

Proof. Let 〈 , 〉1 be a Hermitian inner product on the representation space V . Then
we define a new inner product by

〈v, w〉 =
∫
G

〈α(x)v, α(x)w〉1dx.

Then

〈α(y)v, α(y)w〉 =
∫
G

〈α(x)α(y)v, α(x)α(y)w〉1dx

=
∫
G

〈α(xy)v, α(xy)w〉1dx

=
∫
G

〈α(x)v, α(x)w〉1dx

= 〈v, w〉.

�

Theorem 8.14. If G is a compact group, then every finite-dimensional complex
representation is completely reducible.

Proof. If W is an invariant subspace, then its orthogonal complement with respect
to an invariant inner product is an invariant complement. �

Remark 8.15. The same results are true for real representations, orthogonal rep-
resentations, and real inner products.

8.8. Weyl’s Unitary Trick. It is proved in Lie algebra theory that every semisim-
ple Lie algebra has a compact real form – that is, a real form for which the Killing
form is negative definite. The name seems a bit strange at first, since a Lie algebra
over R is certainly not compact as a topological space. The explanation is that it
can be proved that every connected Lie group having a compact Lie algebra as its
Lie algebra is a compact Lie group. In particular, the fundamental group of such
a Lie group must be finite, because the simply connected covering group must be
compact too, which forces the covering to have finitely many leaves. (The fiber of a
covering is closed and discrete, always, and hence finite when the containing space
is compact.) Now we have just seen that every finite-dimensional representation of
a compact group is completely reducible. But the passage from a real from to the
original complex Lie algebra is just a matter of extending scalar multiplication from
reals to complexes, so that no new invariant subspaces can appear. Thus, every
finite-dimensional representation of a complex semisimple Lie algebra is completely
reducible. This idea of using the compact real form to get the reduction of the
complex form is called Weyl’s unitary trick.

The only proof I know that a Lie group is compact when it has its Lie algebra
compact goes rather far afield, using a large dose of Riemannian geometry. How-
ever, the fact that the Killing form is negative definite has something to do with
compactness is not so strange. It tells us immediately that ad : ĝ → gl(ĝ) is a faith-
ful representation, so that Ad : G→ Gl(ĝ) is a covering homomorphism. Moreover,
the Killing form gives ĝ an inner product space structure (being negative instead
of positive is only a bother), so that there is a corresponding orthogonal group, as
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usual compact. Finally, the invariance of the Killing form tells us that Ad(G) is
within that orthogonal group.

The outline of the proof using Riemannian geometry is:
The Killing form induces a Riemannian metric which is both left and right invari-

ant, hence complete. Calculate the curvature in terms of the Lie algebra structure,
concluding that the Ricci curvature is bounded below by a positive constant. Then
by Myers’ Theorem G is compact.

Complete reducibility is still true for real semisimple Lie algebras. This is not
entirely obvious. What is evident is that the complexification of the Lie algebra
produces a semisimple complex Lie algebra, so that the representations of that com-
plex Lie algebra are completely reducible. But we should like to have real invariant
complementary subspaces of real invariant subspaces, and there is a difficulty in
that a complement of the complexification of some subspace is not necessarily the
complexification of some complement. We could brush aside the whole problem
with the remark that reducibility is a question of vanishing of some cohomology,
and that vanishing is independent of whether the coefficients are real or complex
(or they could even be rational), but a direct proof is more enlightening.

So let us pose the following setting: S is a set of real-linear transformations of a
real vector space V , W is an invariant subspace, and we know that W ⊗C has an
invariant complement Z in V ⊗C. We want to show that W has a real invariant
complementary subspace. Let K denote conjugation of the complex coefficients in
V ⊗C. K is a real-linear operator and the complex subspaces invariant under K
are exactly those which are complexifications of real subspaces of V . Let P be the
projection of V ⊗ C onto Z parallel to W ⊗ C. All the operators in S commute
with K because they are real, and they commute with P because Z and W ⊗ C
are invariant subspaces.

It is easily checked that 1
2 (P +KPK) is another projection parallel to W ⊗C,

and since it obviously commutes with every operator in S and is invariant under
conjugation by K, so that the corresponding subspace is X ⊗ C, where X is an
invariant real complement to W .

The above proof is valid even for infinite-dimensional spaces, and for topological
vector spaces and closed subspaces.

8.9. Orthogonality relations. The part of the Peter-Weyl theorem which asserts
that matrix entries of representations, viewed as functions on the group, are mutu-
ally orthogonal is now quite easy; or maybe we should say that Schur’s lemma is
surprisingly strong. We do it in two steps, each using its form of Schur’s lemma.
This treatment follows Pontryagin closely.

Theorem 8.16 (Orthogonality of distinct representations). Let G be a compact
group and let α = (αij) : G → U(m) and β = (βhk) : G → U(n) be inequivalent
irreducible unitary representations. Then for all i, j, h, k∫

G

αij(x)β̄hk(x)dx = 0.

Proof. Let B : Cn → Cm be an arbitrary linear transformation. We define another
linear transformation T : Cn → Cm, depending on B, by

T =
∫
G

α(x)Bβ(x−1)dx.
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Then for all y ∈ G

α(y)Tβ(y−1) =
∫
G

α(y)α(x)Bβ(x−1)β(y−1)dx

=
∫
G

α(yx)Bβ((yx)−1)dx

= T,

because of left-invariance.
It follows from the second form of Schur’s lemma, with the set maps taken to be

choice functions for the relations αβ−1 and βα−1, that T = 0.
The orthogonality relation follow by taking B = Ejk, the matrix with 1 at the

jth row and kth column and 0’s elsewhere, and observing that the inverse in U(n)
is given by conjugate transpose. �

Theorem 8.17 (Orthogonality of distinct entries). Let G be a compact group and
let α : G→ U(m) be an irreducible unitary representation. Then the matrix entries
of α are mutually orthogonal and of square-length 1/m in L2(G).

(The specific value of the lengths is due to the normalization of the total measure
of G to be 1).

Proof. Let B ∈ gl(m,C). Then by the same computation as in the previous proof,

T =
∫
G

α(x)Bα(x−1)dx

commutes with all α(y). By the first form of Schur’s lemma, T = cI for some scalar
c. To evaluate c we take the trace:

mc = tr T =
∫
G

tr[α(x)Bα(x−1)]dx

=
∫
G

tr[α(x−1)α(x)B]dx = tr B.

Again, we take B = Ejk, for which tr B = δjk, and the results drop out. �

Definition 8.18. The character of a finite-dimensional representation α is χα :
G→ C given by χα(x) = tr α(x).

Equivalent representations have the same character. By the above theorems,
irreducible inequivalent representations have orthogonal characters, and the length
of an irreducible character in L2(G) is 1.

Corollary 8.19. A representation α is irreducible if and only if its character has
unit length.

Characters are constant on conjugacy classes of G. We can give the conjugacy
classes the quotient topology and let their space inherit a measure from the Haar
measure on G. Then the characters of irreducible representations become an or-
thonormal family on that space. For finite groups we conclude from the Peter-Weyl
theorem that the number of conjugacy classes is the number of irreducible repre-
sentations contained in the representation.
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If we split a representation α into irreducible summands in two ways, then for a
given irreducible representation β, the number of times a representation equivalent
to β occurs in either decomposition is

nβ =
∫
χαχ̄βdx,

so that number is the same in each splitting. We call nβ the multiplicity of β in α.
From the orthogonality relations we calculate the norm of the character in terms
of these multiplicities: ∫

χαχ̄αdx =
∑

β irreducible

nβ
2.

8.10. Function spaces. If f : G→ C is in L2(G), we consider the right-translates
ρ∗af = f · ρa. It is possible that these right-translates span a finite-dimensional
subspace of L2(G). An interesting case for which this always happens is when G is
a finite group. We shall soon see that certain symmetric operators on L2(G) always
have eigenfunctions for which the right-translates are all eigenfunctions and span a
finite-dimensional subspace.

Suppose, then, that f = f1, f2 = f · ρb2 , . . . , fn = f · ρbn is a basis of the space
of right-translates of f . Then for any x ∈ G we may write

fj · ρx =
n∑
i=1

αij(x)fi.

We do not know yet that α : G→ Gl(n,C) is continuous, but it is trivial to verify
that α is an algebraic homomorphism. Moreover,

fj(x) = fj · ρx(e) =
n∑
i=1

fi(e)αij(x),

so that f and all its right-translates are linear combinations of the matrix entries
of α. We might conceive that there is a problem in evaluating a function which
is assumed only to be square-integrable at the point e, but we will resolve this
difficulty by showing that everything must be continuous.

The meaning of linear independence in L2 is that if we assume
∑
cifi has norm

0, then we must have all ci = 0. That is,∫ ∑
cic̄jfi(x)f̄j(x) dx = 0

implies all ci = 0. This is equivalent to asserting that the semi-definite Hermitian
matrix

∫
fi(x)f̄j(x) dx is positive definite, and in particular, nonsingular. Every

function in L2 can be approximated in L2 by continuous functions, so that it follows
that there are continuous functions gj such that∫

fi(x)ḡj(x) dx

is arbitrarily close to ∫
fi(x)f̄j(x) dx.

Thus, we may assume that we have chosen such gj so that the matrix is still
nonsingular.
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Now let hj(x) = ḡj(x−1) and consider the convolutions

hk ∗ fj(x) =
∫
hk(xy−1)fj(y) dy.

A function which is continuous on a compact set is uniformly continuous, from which
it easily follows that the convolutions are again continuous. We can manipulate the
convolutions with the invariance properties of integration:

hk ∗ fj(x) =
∫
hk((yx−1)−1)fj(yx−1x) dy

=
∫
ḡk(y)fj(yx) dy

=
n∑
i=1

αij(x)
∫
ḡk(y)fi(y) dy.

If we multiply this system of equations by the inverse of the integral matrix, we see
that we have expressed the αij as linear combinations of the hk ∗ fj , which shows
that α (and hence f) is continuous.

We have proved a regularity theorem: assuming a function is square-integrable
and has a special relation with the group action, it turns out to be continuous.
When G is a Lie group, we can go another step. For then α is a continuous homo-
morphism, and our previous regularity theorem about continuous homomorphisms
of Lie groups tells us that it is analytic. Hence f is analytic also.

We could start with the assumption that we have a homomorphism α : G →
Gl(n,C) for which the matrix entries are in L2. The equation α(xy) = α(x)α(y)
must be interpreted as something holding almost everywhere. But it says that the
subspaces spanned by the rows of α are invariant under all ρ∗y, so that the above
analysis shows that α is in fact analytic.

When G is finite then we can let f be the characteristic function of the singleton
{e}. Then the right-translates of f are the characteristic functions of all the other
singletons, so that they span all of C(G) = L2(G). If we break down the represen-
tation of G on C(G) into irreducible pieces, then every irreducible representation
of G must be present, because any one which wasn’t there would have all of its
matrix entries orthogonal to all of C(G).

For compact groups in general the characteristic function of a singleton does
not have nonzero integral, so that we must turn instead to approximate function
identities, in the sense of convolution, and we obtain all of C(G) only in the sense
of uniform approximation.

Theorem 8.20 (Bessel’s inequality). Let Φ be an orthonormal set in L2(G). For
f ∈ L2(G) we define f̂ : Φ → C by f̂ϕ = 〈f, ϕ〉. The set of nonzero values is
countable and the following series converges:∑

ϕ

|f̂ϕ|2 ≤ 〈f, f〉.

8.11. Examples of calculation of characters. For G = SU(2) = S3, the unit
quaternions, we have the inclusion representation on C2 given by

q = w + xi+ yj + zk = w + xi+ (y + zi)j →
[
w − xi −y − zi
y − zi w + xi

]
.
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If we view H as a 2-dimensional vector space over C with basis 1, j, then right
multiplication by q̄ is a complex-linear transformation whose matrix α1(q) is the
one given. Then the character of this representation is χ1(q) = tr(α1(q)) = 2w.

The trivial representation α0 on C1 has character χ0 = 1.
In the study of the representation of Lie algebras a key step is the classification

of the irreducible representations of su(2)⊗C = sl(2,C). The result is that there is
just one irreducible representation in each dimension, a representation αn on Cn+1,
and that there is a Clebsch-Gordan formula for their tensor products:

αm ⊗ αn = αm+n ⊕ αm+n−2 ⊕ . . .⊕ α|m−n|.

The character of a tensor product is the product of the characters, so this enables
us to find recursively all the irreducible characters of S3:

χm+1 = χmχ1 − χm−1 = 2wχm − χm−1.

That is,
χ2 = 4w2 − 1,

χ3 = 8w3 − 4w, etc.

To express the measure on −1 ≤ w ≤ 1 with respect to which these characters
are orthonormal, we view the conjugacy classes w = constant as small (great for
w = 0) 2-spheres in S3 of radius

√
1− w2. The relation of w to the azimuthal angle

is w = cosφ. If we change w by a small amount dw = − sinϕ dϕ, we get a band
(solid) in S3 of volume proportional to

(area of 2-sphere of radius
√

1− w2) · dϕ = c(1− w2)
dw

sinϕ
= c
√

1− w2 dw.

Thus, the density representing the measure induced on conjugacy classes by Haar
measure on S3 is proportional to

√
1− w2dw. Forcing the integral to be 1 makes

it 2
π

√
1− w2 dw.

Thus, the characters of S3 are the orthonormalization of the polynomials 1, w, w2, . . .
with respect to weight 2

π

√
1− w2 on the interval −1 ≤ w ≤ 1. These are classically

called Tchebyshchev polynomials of the second kind, denoted Un(w) = χn.

8.12. Representation of finite groups. If G is finite, then the characteristic
functions of the singleton sets, δx : y → δx,y = {0 if x 6= y, 1 if x = y}, are a basis of
the space C(G) of complex-valued functions on G. The right-regular representation
ρ∗ of G on C(G) is given by ρ∗yδx = δxy−1 .

For any representation α : G → Gl(n,C), the entries of each row, αi1, . . . , αin
span a subspace of C(G) which is invariant under ρ* and of dimension at most n.
The restriction of ρ∗ to each of those n row-spaces is equivalent to α itself when
the row space is of dimension n, because ρy* acts on the basis αij in just the same
way that α(y) does. In particular, this must be true when α is irreducible, because
then the αij are orthogonal and nonzero, hence linearly independent. We conclude
that each irreducible representation on Cn must be included in ρ∗ as a summand
n-times, namely, in the n2-dimensional subspace V of C(G) spanned by the entries
of α. It is not possible to have α appear again as a summand in the rest of C(G),
because V ⊥ is orthogonal to V and hence cannot have any subspace equivalent to
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α. That is, each irreducible representation α occurs as a summand in ρ* exactly
n2
α times. We conclude∑

α irreducible

n2
α = nG = dimC(G) = cardinality of G.

Since the irreducible characters form an orthonormal basis of the functions on
conjugacy classes of G, the number of terms in this sum is just the number of
conjugacy classes.

We can calculate the character of ρ∗ by referring to the basis {δx}. Then ρ∗y
is represented by a permutation matrix, with the permutation having no fixed
elements unless y = e, in which case all nG elements are fixed. Thus,

χρ∗(y) = trρ∗y =
{
nG, if y = e
0, if y 6= e

.

We again get

〈χρ∗ , χρ∗〉 =
∫
G

χρ∗
2 =

1
nG

· nG2 = nG =
∑

nα
2,

where now the sum is over those irreducible α which appear as summands in ρ∗

and nα is the multiplicity of α in ρ∗. It is not evident from this character argument
that nα is also the dimension of the representation space of α.

Example 8.21. The permutation group S3. For permutations, conjugacy is deter-
mined by the lengths of the cycles in the unique disjoint-cycle factorization of the
permutation. So to count the number of conjugacy classes = number of irreducible
representations of Sn we count the number of partitions of n. If we think of S3

as permutations of x, y, z, then the conjugacy classes are {e}, {(xy), (xz), (yz)} =
odds, {(xyz), (xzy)} = cyclics = other evens. So there are just 3 irreducible
representations. It is easy to think of two of them, in C1:

α0 = trivial

α1 =

{
even → 1
odd → −1.

The remaining one, α2 must have dimension
√

6− 1− 1 = 2. Its character χ2 is
easily calculated as the function on conjugacy classes which takes value 2 on {e}
and is orthogonal to

χ0 : e→ 1, (xy) → 1, (xyz) → 1

and
χ1 : e→ 1, (xy) → −1, (xyz) → 1.

Thus,
χ2 : e→ 2, (xy) → 0, (xyz) → −1.

To get a matrix version of α2 we can look at the representation of S3 on linear
homogeneous polynomials {ax + by + cz} = L. This splits into α0 with basis

x+ y+ z and α2 with basis {x+ y− 2z, x− 2y+ z}, so that α2 : (xy) →
[
1 −1
0 −1

]
,

(yz) →
[
0 1
1 0

]
, etc. α2 is faithful, so that the summands of its tensor products

give all representations. We easily check: χ2
2 = χ0 + χ1 + 2χ2. Hence, α2 ⊗ α2 =
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α0⊕α1⊕2α2. The other products in the representation ring of S3 are easily checked
to be

α0 ⊗ αi = αi,

α1 ⊗ α2 = α2,

α1 ⊗ α1 = α0.

Problem 8.22. Interpret the splitting of S3 acting on L⊗L in terms of symmetric
homogeneous polynomials, skew-symmetric tensors, etc.

8.13. The Peter-Weyl Theorem.

Theorem 8.23 (The Peter-Weyl Theorem). Let G be a compact separable topo-
logical group. For each equivalence class of finite dimensional irreducible complex
representations choose one unitary complex representation α : G→ U(nα).

Then the matrix entries Φ = {αij} form an orthogonal family of functions on
G, with norms 1/nα.

For every f ∈ C(G), f can be uniformly approximated by linear combinations of
elements of Φ.

Moreover, Φ is complete in the sense that it is a topological basis for L2(G); or
equivalently, there are no continuous functions orthogonal to all of Φ; or equiva-
lently, if we normalize the family to get unit norms, then Parseval’s equation holds
for all continuous f . (Parseval’s equation is the equality case of Bessel’s inequality.)

Proof. We have already established the orthogonality properties, so that the major
effort is to prove the uniform approximation part. The completeness of Φ and the
equivalence of its various forms then follow routinely.

The proof centers on integral operators with real symmetric kernels. A special
case is convolution by a continuous hump function of mass 1, symmetric with respect
to inversion. The nearness by which a continuous function can be approximated
by such a convolution is controlled by confining the support of the hump near the
identity e. Moreover, the eigenfunctions of such convolution operators generate
finite-dimensional spaces of right-translates, and consequently, as we have shown
above, consist of finite-dimensional combinations of elements of Φ.

In general, symmetric integral operators are compact in the sense of the theory
of operators on Hilbert spaces. One of the standard facts of that theory is that an
element of the range is approximated by linear combinations of eigenvectors, which
is how we complete the chain of approximation.

Uniform continuity. As we have noted above, to prove that the result of convolution
by a continuous function is continuous, we needed the concept of uniform continuity.
The standard notion is for functions on metric spaces, but the theory has been
abstracted so as to define a category of spaces called uniform spaces, on which
uniform continuity is meaningful and it is still true that continuous functions on
compact subsets are uniformly continuous. Topological groups are uniform spaces
in a natural way, and we do not define uniform spaces here, but give the definition
of uniform continuity on a topological groups directly.

A function f : G → C is uniformly continuous if for every ε > 0 there is a
neighborhood Uε of e such that for all x ∈ G and all y ∈ Uε we have |f(yx)−f(x)| <
ε.

Lemma 8.24. If f is continuous on G and has compact support, then f is uniformly
continuous.
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Proof. Let ε > 0. For every x ∈ G there is a neighborhood Ux of e such that for all
y ∈ Ux, |f(yx) − f(x)| < ε/2. Choose for each x another open neighborhood Vxx
such that V 2

x ⊂ Ux. The sets Vxx form an open covering of Supp(f), so that by
compactness there is a finite subcovering V1x1, . . . , Vnxn. Let V be the intersection
of the Vi. We may assume that V is symmetric, V −1 = V .

Let x ∈ G and y ∈ V . If both f(x) = 0 and f(yx) = 0, there is nothing to prove.
If f(x) = 0 and f(yx) 6= 0, we replace yx by y−1(yx), x by yx, and y by y−1 ∈ V .
Thus the only essential case is when f(x) 6= 0 and hence x ∈ Supp(f). So there is
Vixi which contains x. Therefore

|f(x)− f(xi)| < ε/2 and |f(yx)− f(xi)| < ε/2

because V Vixi ⊂ Uixi. Hence, |f(yx)− f(x)| < ε, as desired. �

The definition of uniform continuity was not symmetric in its use of multiplica-
tion, but it is clear that the lemma holds for the other arrangement too.

Now we return to the case where G itself is compact. For every neighborhood U
of e there is a hump function of mass 1 supported by U . Since compact Hausdorff
spaces are normal, there are Urysohn functions, 0 outside U and 1 on some smaller
closed neighborhood of e. Dividing such a function by its integral gives a hump
function of mass 1.

We can also get symmetric hump functions g, for which g(x) = g(x−1) for all x,
by averaging h(x) and h(x−1). The significance of this for us is that it makes the
convolution operator given by g into a symmetric operator on L2(G):

〈g ∗ f, h〉 =
∫ [∫

g(xy−1)f(y)dy
]
h̄(x) dx

=
∫
f(y)

[∫
g(yx−1)h̄(x) dx

]
dy

= 〈f, g ∗ h〉.

These operators serve as approximations to the identity operator on continuous
functions. For if a continuous function f and ε > 0 are given, then f is uniformly
continuous, so that there is a neighborhood U of e such that |f(yx) − f(x)| < ε
whenever y ∈ U . Then if g is a hump function supported by U, g ∗ f is a uniform
ε-approximation to f :

|g ∗ f(x)− f(x)| =
∣∣∣∣∫ g(xy−1)f(y)dy − f(x)

∣∣∣∣
=
∣∣∣∣∫ g((yx−1)−1)f(yx−1x)dy − f(x)

∣∣∣∣
=
∣∣∣∣∫ g(y−1)f(yx)dy − f(x)

∣∣∣∣
=
∣∣∣∣∫ g(y)[f(y−1x)− f(x)]dy

∣∣∣∣
<

∫
g(y)ε dy = ε.
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The eigenspaces of convolution operators are right invariant. For if g ∗f = cf , then
for every z ∈ G

g ∗ (f · {ρz) =
∫
g(xy−1)f(yz)dy =

∫
g(xz[yz]−1)f(yz)dy

=
∫
g(xzy−1)f(y)dy = g ∗ f(xz) = cf(xz) = cf · ρz(x).

From here on we will deal with a somewhat more general setting, replacing g(xy−1)
by a continuous function of two variables, k(x, y), which is symmetric, k(x, y) =
k(y, x). The corresponding operator is K : L2(G) → C(G), given by

Kf(x) =
∫
k(x, y)f(y)dy.

The fact that Kf is continuous follows from the uniform continuity of k, or more
precisely, the equiuniform continuity in x as y varies. This means that the Uε chosen
for uniform continuity in x can be taken to be independent of y. Indeed, the proof
shows that the family of functions Kf with 〈f, f〉 = 1, that is, the image of the
unit ball in L2(G), is equicontinuous:

for all x and for all z ∈ Uε

|Kf(xz)−Kf(x)| =
∣∣∣∣∫ [k(xz, y)− k(x, y)]f(y)dy

∣∣∣∣
< ε

∫
|f(y)|dy

≤ ε[〈1, 1〉〈f, f〉]1/2

= ε.

The last inequality is by Schwartz inequality applied to the functions 1 and f .
(1) The equiuniform continuity of k(x, y) in x as y varies is a simple consequence

of the uniform continuity of k on the product group G×G. For, given ε > 0,
there is a neighborhood U of e which gives a neighborhood U×U of (e, e) so
that for all x, y ∈ G and for all z, w ∈ U we have |k(xz, yw)− k(x, y)| < ε.
In particular, we may take w = e to produce the statement of equiuniform
continuity.

(2) We let the unit ball in L2 be B2. Not only isKB2 uniformly equicontinuous,
it is also uniformly bounded:

|Kf(x)| =
∣∣∣∣∫ k(x, y)f(y)dy

∣∣∣∣ ≤ A

∫
|f(y)|dy ≤ A,

where A is the maximum of |k|.
(3) The closure of KB2 is compact in C(G). In the topology of metric spaces

compactness is equivalent to the existence of a finite ε-net for every ε > 0
(more precisely, precompactness, having compact closure). This is what we
show now about KB2, using only the facts that it is bounded and uniformly
equicontinuous.

• Suppose ε > 0. The values f(x) for all f ∈ KB2 fall in the disk |z| ≤ A of
radius A. Let D1, . . . , Dn be a finite covering of that disk of radius A by
open disks of radius ε/2. Let V be a neighborhood of e such that for all
f ∈ KB2, for all x ∈ G, and for all y ∈ V we have |f(xy)− f(x)| < ε. Let
x1V, . . . , xmV be a finite covering of G.
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• For each f ∈ KB2, for each j ≤ m, f(xj) ∈ Dij for some ij . We say that
such a sequence (i1, i2, . . . , im) is associated to f . There may be more than
one sequence associated to an f ∈ KB2, and not all nm such sequences
have to be associated to some f . For each sequence s which is associated to
some f , choose one fs which has s associated to it. Thus we have a finite
subset {fs} in KB2. We show that it is a 3ε-net.

• Let f ∈ KB2 and let s = (i1, . . . , im) be associated to f . For x ∈ G there
is j ≤ m and y ∈ V such that x = xjy. Then

|f(x)− fs(x)| ≤ |f(xjy)− f(xj)|+ |f(xj)− fs(xj)|+ |fs(xj)− fs(xjy)|
< ε+ ε+ ε.

Thus fs is within 3ε of f in the norm distance.
(4) The eigenspaces of K with nonzero eigenvalue are finite-dimensional. More

generally, if c > 0, then the sum of the eigenspaces Vµ having eigenvalue
µ with |µ| ≥ c is finite-dimensional. (We shall soon show that there are
eigenfunctions.)

• To prove this we first need the facts that the eigenvalues are real and their
spaces are mutually orthogonal. Let Kf = µf . Then 〈Kf, f〉 = 〈µf, f〉
= µ〈f, f〉 = 〈f,Kf〉 = 〈f, µf〉 = µ̄〈f, f〉. Dividing by the nonzero number
〈f, f〉, we get µ = µ̄, so that µ is real. Now suppose also that Kg = αg is
another eigenfunction with α 6= µ. Then (µ − α)〈f, g〉 = 〈µf, g〉 − 〈f, αg〉
= 〈Kf, g〉 − 〈f,Kg〉 = 0, so that 〈f, g〉 = 0.

It is enough to show that there is a finite upper bound on the number
of linearly independent eigenfunctions having eigenvalue µ with |µ| ≥ c.
Let fi be such a set of eigenfunctions. We may assume that they are or-
thonormal, since the Gram-Schmidt process preserves the property of being
eigenfunctions because the eigenspaces for distinct values are orthogonal.
Let f, g be two of this set, with Kf = µf and Kg = αg. Then

||µf − αg||2 = (µ2 + α2)1/2 ≥
√

2c.

Let ε = c/2 and choose an ε-net fs in KB2 with N elements. Then there
can be no more than N elements in our set of orthonormal eigenfunctions
{fi}, because otherwise there would be two of them, f, g such that Kf and
Kg are within ε of the same fs, that is,

|Kf −Kg| ≤ |Kf − fs|+ |fs −Kg| < 2ε =
√

2c.

But this contradicts

sup |Kf(x)−Kg(x)| ≥
[∫

|Kf(x)−Kg(x)|2dx
]

1/2 ≥
√

2c.

(5) Some of the inequalities we have been using have interpretations as saying
that some linear operators are continuous. For example, (3) says thatK is a
compact operator L2 → L2. Specifically, sup |f(x)| ≥ ||f ||2 tells us that the
inclusion [C(G), sup] → [C(G), || ||2] is continuous, and sup |Kf | ≤ A||f ||2
tells us that K is continuous as an operator L2 → C(G).

(6) For the sake of completeness, we note how easy it is to get from the existence
of finite ε-nets to sequential compactness. That is, we want to show that ev-
ery infinite subset has a Cauchy subsequence. By the pigeonhole principal,
any infinite subset must have infinitely many of its members within 1/m of
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some single member of a 1/m-net. We can recursively choose a decreasing
family of infinite subsets, for m = 1, 2, 3, . . ., and choose a member of each
to get a Cauchy sequence.

• Because the uniform limit of continuous functions is continuous, a Cauchy
sequence inKB2 will converge to something in C(G). For compact symmet-
ric operators the image farthest from the origin is always an eigenfunction,
just as it is in finite-dimensional spaces. That is what we now prove.

(7) The operator norm of K on L2 is ||K|| = sup{||Kf ||2 : f ∈ B2}. We also
have ||K|| = sup{|〈Kf, f〉|} = µ.

Proof. By Schwartz inequality |〈Kf, f〉| ≤ ||Kf || · ||f || = ||Kf ||.
On the other hand, if Kf 6= 0, let t =

√
||Kf ||. Then

||Kf ||2 =
1
4

[
〈K(tf +

1
t
Kf), tf +

1
t
Kf〉 − 〈K(tf − 1

t
Kf), tf − 1

t
Kf〉

]
≤ 1

4

[
µ||tf +

1
t
Kf ||2 + µ||tf − 1

t
Kf ||2

]
=

1
2
µ

[
t2||f ||2 +

1
t2
||Kf ||2

]
= µ||Kf ||.

�

(8) K has a continuous eigenvector with eigenvalue µ or −µ.

Proof. Let fn be a sequence in B2 such that Kfn converges in C(G) and
lim〈Kfn, fn〉 = µ (or −µ). Then

0 ≤ ||Kfn − µfn||2 = ||Kfn||2 − 2µ〈Kfn, fn〉+ µ2.

But ||Kfn||2 ≤ µ2 and −2µ〈Kfn, fn〉+µ2 → −µ2. Hence, ||Kfn−µfn||2 →
0, so that limµfn exists and equals limKfn. Since K is continuous as an
operator on L2, we can interchange it with “lim”, so that lim fn is an
eigenfunction with eigenvalue µ. �

(9) If V is a K-invariant, finite-dimensional subspace of continuous functions,
and W is the orthogonal complement of V , then K|W has all the properties
that K does. In fact, K|W = K−πV where πV is the orthogonal projection
onto V , and if f1, . . . , fn is an orthonormal basis of V , then πV is the kernel
operator with kernel

∑
µifi(x)f̄i(y).

• Hence we may peel off the eigenfunctions one-by-one, obtaining a sequence
(f1, µ1), (f2, µ2), . . . of continuous unit eigenfunctions which are mutually
orthogonal. The eigenvalues are nonincreasing in absolute value and limµi =
0, by (4).

(10) For any f ∈ L2, for any n, we can split f into its components with respect to
f1, . . . , fn, and a remainder f =

∑n
i=1〈f, fi〉fi+gn, where by (9) the norm of

K restricted to the space containing the remainder has norm |µn+1|. Hence,
||Kgn|| ≤ |µn+1|·||gn|| ≤ |µn+1|·||f || → 0. Thus, Kf =

∑n
i=1 µi〈f, fi〉fi+

Kgn, which shows that the “Fourier” series of Kf converges to Kf in L2.



LECTURE NOTES ON LIE GROUPS 59

(11) It remains to show that the Fourier series for Kf converges to Kf in C(G),
that is, uniformly. For this we use Cauchy’s criterion:

sup

∣∣∣∣∣
n∑

i=m

〈Kf, fi〉fi

∣∣∣∣∣ = sup

∣∣∣∣∣K
n∑

i=m

〈f, fi〉fi

∣∣∣∣∣
≤ A||

n∑
i=m

〈f, fi〉fi||

≤ A

(
n∑

i=m

|〈f, fi〉|2
)

1/2.

Since the series
∑∞
i=1 |〈f, fi〉|2 converges by Bessel’s inequality, it too sat-

isfies Cauchy’s criterion.

This completes the proof of the Peter-Weyl theorem. �

Corollary 8.25. There is a sequence of finite-dimensional representations αn such
that the kernel is arbitrarily small and decreasing. That is, kerαn+1 ⊂ kerαn and
for every neighborhood U of e there is n such that kerαn ⊂ U .

Proof. Enumerate the irreducible finite-dimensional representations, and let αn be
the direct sum of the first n. Since continuous functions separate points and the
entries of the αn’s approximate continuous functions, eventually each point except e
is not in the kernel of some αn. By the finite intersection property, if kerαn∩(G−U)
were never empty, it couldn’t be empty in the limit, but it is. �

Problem 8.26. Suppose that there is a neighborhood U of the identity e such that
the only subgroup contained in U is the trivial one e. Prove that G is a Lie group.

Example 8.27. (From Pontryagin) We describe an application of the Peter-Weyl
Theorem in a case where the group is not a Lie group.

A continuous function f : R → C is called almost periodic if the translates
H = ρ∗af form a precompact subset of C(G); that is, any infinite subset of these
translates has a uniformly convergent subsequence.

A periodic function with period P is almost periodic because the numbers mod
P form a compact set homeomorphic to a circle. Thus, to make a sequence {ρ∗an

f}
converge, we only make the sequence {an} converge mod P , and then the limit
function is again a translate ρ∗af .

To see that there are many other examples of almost periodic functions which
are not periodic we prove a general result: the sum of almost periodic functions
is almost periodic. Indeed, if f and g are almost periodic and {an} is a sequence,
then we can choose a subsequence {bn} such that {ρ∗bn

f} converges, and then a
subsequence {cn} of {bn} such that {ρ∗cn

g} converges. Then {ρ∗cn
(f + g)} is a

subsequence of {ρ∗an
(f + g)} which converges.

Specifically, the sum of two periodic functions having incomensurable periods is
almost periodic, but not periodic. For example, eix + eiπx.

For a given almost periodic function f we make G = H̄, the closure of the set of
right translates of f , into a topological group having f as its identity and a→ ρ∗af
as a one-parameter subgroup. Since the image of this subgroup is dense in G, the
group structure is entirely determined and the group is commutative. Thus, we use
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additive notation and the group operation is given explicitly by:

for any lim ρ∗an
f and lim ρ∗bn

f ∈ G,
lim ρ∗an

f + lim ρ∗bn
f = lim ρ∗an+bn

f.

The irreducible representation of G are all of dimension 1, that is, homomor-
phisms α : G→ S1 = U(1). If we restrict to the subgroupH we have α(ρ∗af+ρ∗bf) =
α(ρ∗af)α(ρ∗bf), so that a → α(ρ∗af) is a continuous homomorphism R → S1. The
only such homomorphism are exponentials a→ eiµx, for some µ ∈ R.

We can view f itself as a function F on H which extends continuously to all of
G:
Define F (ρ∗af) = f(a).

Then the Peter-Weyl Theorem says that F can be uniformly approximated by
finite sums

∑
F̂α · α. Restricting F to H we get uniform approximations to the

original function: f ≈
∑
F̂α ·eiµx. The fact that finite sums of periodic exponentials

are dense in the space of almost periodic functions is called the fundamental theorem
on almost periodic functions. The theory has been generalized to almost periodic
functions on other locally compact groups besides R.

The direct product of all the inequivalent irreducible α’s gives an embedding of
G into

∏
α S

1
α, an infinite-dimensional torus. The subgroup H is embedded in this

torus either as a closed loop or a winding line, depending on whether f is periodic
or not.

8.14. Representations of compact Lie groups. According to Problem ?? a
compact Lie group G has a faithful finite-dimensional representation, say α : G→
U(n). There is another faithful representation ᾱ : G → U(n), obtained by conju-
gating all the entries of α.

Generally, if we have a representation α on a vector space V , then we get another,
called the contragredient representation, on the dual space V ∗, by taking the inverses
of the dual maps, x→ α(x)∗−1. For unitary representations the contragredient and
conjugate representations are the same.

Theorem 8.28. The polynomials in the entries of α and ᾱ, where α is any faithful
representation of G, are uniformly dense in C(G).

Proof. We have a homeomorphic embbeding α : G → U(n) ⊂ Cn2
, so that α(G)

is a compact subset of CN . A continuous function f ∈ C(G) can be viewed as a
function on α(G). By Tietze’s extension theorem f can be extended to a continuous
function on all of CN . On a cube containing α(G) we can apply the Weierstrass
approximation theorem to approximate this extension by polynomials in the real
and imaginary parts of the standard coordinates on CN . When restricted back to
α(G), these are simply polynomials in the entries of α and ᾱ, so the theorem is
proved. �

Corollary 8.29. If β : G→ Gl(m,C) is any representation of G, the entries of β
are polynomials in the entries of α and ᾱ.

Proof. It suffices to prove this in the case of an irreducible β, since in general the
entries are a sum of those from its irreducible components.

Consider all representation αi which can be obtained from α and ᾱ by the op-
erations of taking tensor products and then extracting an irreducible component.
The entries of such representations are polynomials in those of α and ᾱ. Any such
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polynomial is a linear combination of the entries of such tensor products. By the
above theorem, any βij can be approximated uniformly by such polynomials. If we
make the approximation closer than the norm ||βij ||, then the polynomial cannot
be orthogonal to βij . Hence, β must occur as one of the summands. �

Definition 8.30. The representation ring of a Lie group G is the ring of polyno-
mials in the entries of all the finite-dimensional representations of G.

We can restate the corollary as follows.
If α is a faithful representation of a compact Lie group G, then the entries of α

and ᾱ generate the representation ring of G.

8.15. Structure of compact Lie groups. If G is a compact connected Lie group,
then every finite-dimensional representation of G is completely reducible. In par-
ticular, Ad : G → Gl(ĝ) is completely reducible. This implies that ad : ĝ → gl(ĝ)
is a direct sum of irreducible summands. But an invariant subspace under ad(ĝ) is
just an ideal, so that ĝ = ĝ1 + . . .+ ĝn, a direct sum of ideals.

For each ĝi the derived algebra ĝ′i is also an ideal in ĝ. Since the ĝi are irreducible
under ad(ĝ), we can have only two cases: ĝ′i = ĝi or ĝ′i = 0.

When ĝ′i = 0, then ĝi is commutative. Every subspace is invariant, so that ĝi
must be 1-dimensional.

When ĝ′i = ĝi, then we must have dim ĝi ≥ 3. Moreover, there can be no proper
ideals, so that ĝi is simple.

We have proved:

Theorem 8.31. If G is a compact Lie group, then its Lie algebra is that direct
sum of a commutative ideal and a semisimple ideal.

The simply-connected covering groups of compact Lie groups are classified as
products of Rn by products of the simply-connected compact classical groups (uni-
tary, symplectic, and spinor groups) and the 5 exceptional compact groups. To get
the other compact groups one must have the central discrete subgroups, and these
are all known.

9. Lie group actions, homogeneous spaces, invariants

Let G be a Lie group and M a smooth manifold. Then we say that G acts to
the right on M if there is a smooth map

α : M ×G→M

such that for all m ∈M , and all g, h ∈ G

α(α(m,h), h) = α(m, gh).

For a left action β : G×M →M the variables are in a different order:

β(g, β(h,m)) = β(gh,m).

If we have a right action α, then there is a left action β defined by β(g,m) =
α(m, g−1), and vice-versa. Frequently we simplify the notation to α(m, g) = m · g
and β(g,m) = g ·m.

The usual convention that matrices act to the left on columns leads us con-
ventionally to make group representations be left actions on a vector space. On
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the other hand, the action of the general linear group to change from one basis to
another is a right action:

(v1, . . . , vn) · (gij) = (. . . ,
n∑
j=1

gijvj , . . .).

By an obvious extension, Gl(n,R) acts on BM , the bundle of bases of a manifold
M , to the right.

Definition 9.1. Let G act on M to the right. The isotropy group of m ∈ M is
the subgroup H of G of those g ∈ G such that m · g = m. It is a closed subgroup,
hence, it is a Lie group. Its Lie algebra is called the isotropy algebra of m. The
orbit of m is m ·G.

If G acts on M to the right, we can think of each m ∈ M as being a smooth
map m : G → M, g → m · g. Identifying the tangent space of G at e with its Lie
algebra, the tangent map m∗ may be considered to be a linear map m∗ : ĝ →Mm.
For a fixed X ∈ ĝ we define a vector field λX on M by λX(m) = m∗X, which is
easily seen to be smooth. When G is connected, the study of the relation of the
action of G to the vector fields λX on M goes back to Lie. Note that the tangent
map m∗ at e is determined by the values of m on any neighborhood of e, so that
the results of Lie are really about a local group action, for which the action map is
given possibly only in a neighborhood of e. We give some of Lie’s results.

Theorem 9.2 (Lie’s first fundamental theorem). The vector fields λX determine
the group action uniquely. When the action is that of G on G by right multiplication,
the vector fields are the left-invariant vector fields, and they determine the group
structure once the identity is chosen.

Theorem 9.3 (Lie’s second fundamental theorem). The map λ : ĝ → ΓTM is a
Lie algebra homomorphism.

(We have denoted the Lie algebra of smooth vector fields on M by the usual
notation for the sections of the tangent bundle TM,ΓTM .)

Theorem 9.4 (Lie’s third fundamental theorem). The tangent space at e of a Lie
group is a Lie algebra.

The organization of the subject has undergone such changes that we find it hard
to discern the essential content of such statements without going back to the original
work and seeing what they actually did. Definitions and theorems tend to get
turned around. Everything was expressed in terms of coordinates then, and empty
distinctions appear, based on mode of expression rather than actual differences.
Nowadays we recognize the same essence in tangent vectors to curves and first order
operators on functions, but then the two were kept separate. Thus, the difficulties
in these theorems have been shifted to a different stage of development, the clean
formulation of definitions, so that whatever substance is left in these theorems is
pretty automatic and easy. But they still indicate some important ideas.

We find the converse of the second and third theorems more challenging. The
converse of the third one is resolved by the Baker-Campbell-Hausdorff formula: it
says that a real Lie algebra is the Lie algebra of a local Lie group. We shall spend
some time below on the converse of the second: a finite-dimensional Lie subalgebra
of vector fields on a manifold determines a unique right action of the corresponding
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connected simply connected Lie group. The vector fields must be assumed to be
complete to get a global action.

First we amplify the second theorem into a longer proposition, for which the
proof is all automatic.

Proposition 9.5. (a) λ : ĝ → ΓTM is a Lie algebra homomorphism.
(b) Let N be the intersection of all the isotropy groups. Then the Lie algebra

of N is the kernel of λ,N is a closed normal subgroup, and G/N acts on
M .

(c) For every X ∈ ĝ, λX is a complete vector field.
(d) The isotropy algebra at m is {X : λX(m) = 0}.
(e) If H is the isotropy group at m, then the orbit m · G is a submanifold

diffeomorphic to the homogeneous space of right cosets H\G = {Hg : g ∈
G}.

Remark 9.6. For a left action there is a similar homomorphism of the Lie alge-
bra of right-invariant vector fields. Of course, we can convert a left action into a
right action (by substituting x−1 for x ∈ G) and thus make a left-action give a
homomorphism of the left-invariant Lie algebra ĝ.

We say that G acts effectively if N = {e}, that is, for every g ∈ G, g 6= e, there
is m ∈M such that m · g 6= m.

We say that G act freely if the isotropy groups are all trivial. That is, no g ∈ G
has a fixed point as a map of M .

We have a converse of Lie’s second theorem. We now state a global form of it.
A local form, which is easier to prove, has as a corollary that for local Lie groups,
a homomorphism of their Lie algebras yields a corresponding homomorphism of
the local groups. We had a global form of that corollary already, the Monodromy
Theorem.

Proposition 9.7. Let ĝ be a finite-dimensional subalgebra of smooth vector fields
on a manifold M such that each X ∈ ĝ is complete. Let G be the connected and
simply connected Lie group having ĝ as its Lie algebra. Then there is a unique right
action of G on M such that the canonical homomorphism λ is the isomorphism
identifying ĝ with the Lie algebra of G.

Proof. To tell the difference between an element of ĝ as a vector field on M and as
a left-invariant vector field on G, we shall write X for the field on G and λX for
that on M .

We consider the subbundle of T (M ×G) given by {(λXm, Xg) : X ∈ ĝ, (m, g) ∈
M ×G}. This subbundle is obviously completely integrable with leaves of the same
dimension as G.

(a) Define a left action of G on M × G by h · (m, g) = (m,hg). The vector
fields (λX,X) are invariant under this action, hence, so is the subbundle.
Thus, the leaves are mapped into leaves.

(b) Let N be a maximal connected integral submanifold. We claim that the
projection p2|N : N → G is a covering map. It is clearly a local diffeo-
morphism, since the tangent map is an isomorphism. Since everything is
invariant under the left action of G, it suffices to prove that there is a
neighborhood U of e which is evenly covered by p2|N . Let U be a normal
coordinate neighborhood, U = expV . Suppose (m, e) and (m′, e) ∈ N . We
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get neighborhoods of these points which project onto U as follows. The
points of U are obtained by pushing out from e along integral curves of
X ∈ ĝ. Points on N are obtained by pushing out from (m, e) or (m′, e)
along the corresponding vector field (λX,X). So let FX be the flow of λX.
Then the desired neighborhoods in N are

W = {(FX(1)m, expX) : X ∈ V } and W ′ = {(FX(1)m′, expX) : X ∈ V } .

Each of these clearly projects diffeomorphically onto U . Nor can they
overlap, for if FX(1)m = FX(1)m′, then m = m′ because FX(1) is a diffeo-
morphism of M onto itself.

(c) Since G is connected and simply connected, the covering map p2|N must
be a diffeomorphism. Hence, N is the graph of a smooth map p1(p2|N )−1.

(d) When N is the maximal connected integral manifold through (m, e), we
call the corresponding map, of which N is the graph, m : G → M . This
defines a map α : M × G → M, (m, g) → m · g. So far we only know that
each m is smooth; that is, α is smooth in the variable g when m is fixed.
We have to prove that α is smooth in both variables jointly, and that it is
a right action.

(e) Starting at e ∈ G we can reach any other g ∈ G via a chain of integral
curves of X’s ∈ ĝ. If we let such a curve be γ, then there is a corresponding
chain of integral curves of λX’s, tracking them for the same parameter
amounts, starting at any m ∈ M . Call this corresponding curve λγ. Then
if γ goes from e to g, λγ goes from m to m · g.

(f) Let h ∈ G and let τ be a curve of the same sort from e to h. Then there is
a curve λτ which starts at m · g and ends at (m · g) · h. On the other hand,
the curve β obtained by chaining gτ after γ reaches from e to gh, so that
the corresponding curve λβ goes from m to m · (gh). The piece which goes
from m · g to m · (gh) is just λτ , so that (m · g) · h = m · (gh).

(g) For each g ∈ G the action of g onM is smooth. Indeed, g = expX1 . . . expXk

and the action on M is the composition of flow maps FXk
(1) . . . FX1(1).

(h) It suffices to prove that α is smooth in a neighborhood of (m, e) for each
m. For if U is a neighborhood of e and V is a neighborhood of m for which
α is smooth on V × U , then for g ∈ G,

α|(V×ρgU) = Pg(α|V×U )(id× ρg−1),

where Pg(m) = m · g.
(k) The smoothness of α on V × U follows from the smooth dependence of

integral curves on initial conditions and on parameters in the vector field.
�

9.1. Invariants.

Definition 9.8. Let G act on M . A C-valued invariant of the action is a function
f : M → C such that for all g ∈ G, m ∈M ,

f(m · g) = f(m).

That is, an invariant is just a function which is constant on orbits.

Proposition 9.9. If G is connected, then f is an invariant if and only if for all
X ∈ ĝ, λXf = 0.
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(Of course f is assumed to be smooth. The proof is automatic.)
For invariants of the left action on a vector space given by a representation we

can talk about polynomial functions on the vector space which are also invariants.
These polynomials obviously form a subring of the ring of all polynomials, so by
the Hilbert basis theorem there is a finite set of generators. The study of these
polynomial rings and their generator systems is the subject of classical invariant
theory. Weyl’s book, The Classical Groups, is full of this stuff, and there are more
elegant modern versions, such as the book by Dieudonne and Carrell.

Since a polynomial on V corresponds to a symmetric element of a tensor product
of V ∗ (the dual space), the polynomials are in representation spaces of G too. An
invariant polynomial is then just the basis of an invariant 1-dimensional subspace
on which the action is trivial. The discovery of invariants is thus reduced to the
calculation of when the trivial representation appears as a summand of the various
tensor products.

Some cases which are known and used often:
(1) O(n) acting on Rn and its tensor spaces. For Rn there is the invariant

which defines O(n), q = x2
1 + . . .+ x2

n. Weyl proves that every polynomial
invariant of O(n) on Rn is a function of q, that is, the ring of invariants is
R[q].

The representation of O(n) on Rn is equivalent to the contragredient
representation on the dual space, so that in considering tensor product
representations we need only look at tensors with subscripted components,
not both subscripted and superscripted. If we think of a tensor as a col-
lection of components Ti1...ik , then there is an O(n)-invariant operation of
contraction (trace) for each pair of indices:

Ti1...ik →
∑
i

Ti1...ik−2ii.

If we repeat this kind of operation, when k is even, k/2 times, we get a
scalar invariant, that is, a polynomial invariant of the action of O(n) on⊗k Rn. Weyl proves that we get all the polynomial invariants by applying
this operation to T , T ⊗ T, . . .

(2) For the adjoint representation of the simple groups, generators are known.
They are the ones that come up in the theory of characteristic classes.
For Sl(n,C) they are the familiar invariants of matrices under conjuga-
tion, that is, similarity invariants: they are the symmetric functions in the
characteristic roots.

9.2. k-point invariants. If G acts on M , then there may be no nonconstant scalar
invariants; this is the case when there is a dense orbit, and in particular, when
the action is transitive. But we can broaden our concept of invariant to include
functions of several variables. There is also an action of G on the Cartesian product
M × . . .×M (k-times), component-wise. An invariant of this new action is called
a k-point invariant.

The local situation is this. We look in a neighborhood of a point which has
maximal orbit dimension, say r. If n = dimM , then this neighborhood will be
sliced into local orbits of dimension r, so that any function varying in the transverse
directions only will be an invariant. Every local invariant will be a function of these
n− r transverse coordinates.
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When we pass to k-point invariants, the maximal dimension of the orbits does
not increase beyond the dimension of G. Precisely, it is the codimension in G of the
smallest intersection of any k isotropy subgroups. Thus, when kn exceeds dimG
there will certainly be nonconstant local invariants, and the number of functionally
independent ones will grow roughly like kn− dimG.

However, there may not be any essentially new ones as k increases, in the fol-
lowing sense: if we have a k-point invariant f(m1, . . . ,mk), then we immediately
have k + 1 (k + 1)-point invariants produced from f by variable-suppression:

f1(m1, . . . ,mk+1) = f(m1, . . . ,mk), etc.

Thus, if we increase k by h we stand to get hn new invariants because the codi-
mension of the maximal dimensional orbit increases by hn. On the other hand, a
single k-point invariant will produce

(
h+k
k

)
invariants by plugging in k of the h+ k

points in all ways. If k > 1, the binomial coefficient is a polynomial of degree k in
h, so that it will eventually exceed the linear function hn. Then there must be rela-
tions among the invariants generated from one by variable suppression. Usually we
soon reach a number of points for which there are no new functionally independent
invariants except ones which can be expressed in terms of ones with fewer variables.

Examples 9.10. (1) Consider the Euclidean group Rn×O(n). This acts tran-
sitively on Rn and has dimension n+n(n−1)/2 = n(n+1)/2. The isotropy
group of a point is the linear group acting with that point as the origin.
The intersection of two of these isotropy groups is the orthogonal group
of the hyperplane orthogonal to the line connecting the two points, which
has dimension (n− 1)(n− 2)/2. Thus, the maximal orbit on Rn ×Rn has
dimension n(n + 1)/2 − (n − 1)(n − 2)/2 = 2n − 1 and there is just one
direction transverse to it. It follows that locally there is one invariant and
all the others are functions of it.

Since the distance between two points is a 2-point invariant which has
nonzero derivative when the two ponts are distinct, it follows that every 2-
point invariant is a function of distance, except possibly along the diagonal.
But even there, if an invariant is given as a continuous function of distance
and the invariant is continuous everywhere, then that function of distance
must be extendible to variable-value 0 and give the invariant’s value on the
diagonal.

For k points with k < n + 1 the maximal orbit occurs when the points
determine a unique k−1-plane. The isotropy group is an orthogonal group
of the normal (n− k+ 1)-plane, so that [n(n+ 1)− (n− k+ 1)(n− k)]/2 =
kn−k(k−1)/2 is the orbit dimension. The codimension is k(k−1)/2, which
is the same as the number of distances be tween pairs of k-points. Thus,
there are no essentially new invariants. For even larger k the distances
between pairs are not independent, only kn− n(n+ 1)/2 of them.

(2) Groups acting on 1-dimensional manifolds. A connected 1-dimensional
manifold M is either R or S1. Suppose we have a finite-dimensional Lie
algebra ĝ of vector fields on M . Choose a point 0 ∈ M and let ĥ be the
isotropy algebra of 0. Thus, ĥ has codimension at most 1 in ĝ. If the codi-
mension is 1, we can choose a coordinate x at 0 to be the parameter of the
integral curve of some vector field complementary to ĥ in ĝ. That is, we
may assume that d

dx ∈ ĝ.
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Every member of ĥ has the form fD, D = d
dx , where f(0) = 0. Taking

bracket with D we find that the vector field f ′D is also in ĝ. Repeating this
bracketing with D cannot give infinitely many linearly independent vector
fields, so that eventually some linear combination, possibly including D,
must be 0. But this says that f must satisfy a linear differential equation
with constant coefficients, with the nonhomogeneous term constant too. In
particular, f is an entire analytic function. Even if we had started with
the assumption that the vector fields were only C1, analyticity is forced in
terms of the good parameter x.

But we can be even more specific. Consider the power series expansions
of the coefficients f for fD ∈ ĥ. We can divide by the leading coefficient
so that the leading term will be xn for some n. For a basis of ĥ we could
subtract two of the f ’s if they had the same leading term, so that we may
assume that we have a basis with all leading terms different. If we bracket
with D we get a term for which the power of x is one less. Thus, the powers
of leading terms must be consecutive. If the highest power is r, then the
bracket of its field with the one having power r − 1 gives a leading power
2r− 2, which can be no more than r. Hence, r ≤ 2. That is, the dimension
of G can be no more than 3.
(a) When dimG = 1, then G is locally the group of translations of R.

Globally G could be realized as the translations of R, the rotations of
S1, or what we get acting on S1 by imbedding R in S1 by stereographic
projection and letting G act by translations on that imbedded copy of
R.

(b) When dimG = 2, then there is a unique fD ∈ ĥ such that the leading
term of f is x. There must be some constants a, b such that f ′ = a+bf ;
a = 1 because of the leading term x. Solving this DE gives:

if b = 0, f(x) = x

if b 6= 0, f(x) = (ebx − 1)/b.

Both of these correspond to realizations of the affine group on R or
S1 (with a fixed point).

(c) When dimG = 3 we may let the basis of ĥ be X,Y , where

X = (x+ ax2 + bx3 + . . .)D

Y = (x2 + cx3 + . . .)D.

Replacing X by X − aY , we may assume a = 0. Then we have

[D,X] = (1 + 3bx2 + . . .)D = D + 3bY

[D,Y ] = (2x+ 3cx2 + . . .)D = 2X + 3cY

[X,Y ] = (x2 + 2cx3 + . . .)D = Y.

Comparing the two expressions for Y , we conclude that we must have
c = 0. A little thought shows us that we can alter the basis again to
make b = 0, replacing D by D+(3b/2)Y . This changes the meaning of
x, making x fit the structure of ĝ. Now the equation [D,X] = D tells
us that X = xD, and the equation [D,Y ] = 2X tells us that Y = x2D.
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Now calculate the flows of X and Y in terms of the coordinate x. The
result is

Ft(x) = etx,

the flow of X, and

Gt(x) =
x

−tx+ 1
,

the flow of Y .
Along with translations, the flow of D, these generate the group of
projective transformations of the projective line, also known as linear
fractional transformations, or Möbius transformations. As a manifold,
the projective line over R is the circle S1, and the global action of this
group is not complete on R.

The above classification of groups which can act on 1-dimensional manifolds is due
to Sophus Lie in his 1880 paper on Transformation Groups. The main result of that
paper is the classification of local Lie group actions on 2-dimensional manifolds. The
paper has been translated and republished with commentary by Robert Hermann.
Later Lie also classified actions on 3-dimensional spaces.

We make some remarks on the invariants of the above groups.
(a) The invariants of the translation group are all dependent on the 2-point

invariant, directed distance.
(b) The affine group is still locally transitive on R×R, so that there are no 2-

point invariants. Since the dimension of R×R×R exceeds the dimension of
the group, there must be a 3-point invariant. The standard one to single out
is the ratio of distances: (x, y, z) → (y−z)/(x−z). If we are given k points
x1, . . . , xk−1, xk, then the k− 2 ratios for triples xj , xk−1, xk determine the
k points up to an affine transformation, so that all k-point invariants must
be functionally dependent on the 3-point invariant applied to triples of the
k points.

(c) For the projective group the basic invariant is a 4-point invariant, the cross-
ratio. The following definition of cross-ratio can be remembered easily, and
then the formula for it can be generated using the fact that cross-ratio is a
Möbius transformation of the last variable when the first three are fixed.

The cross-ratio of 4 points is the image of the fourth point under the
projective transformation which maps the first three into 0, 1, and ∞. Here
is how we use this to write down the formula for it:
CR(x0, x1, x∞, x) must have a factor x − x0 in the numerator in order

to take x0 to 0, must have a factor x − x∞ in the denominator in order
to take x∞ to ∞. This gives the expression x−x0

x−x∞ , which requires another
factor not involving x to make it give 1 when x = x1. So we plug in x = x1

and multiply by the reciprocal of the result, obtaining:

CR(x0, x1, x∞, x) =
x− x0

x− x∞
· x1 − x∞
x1 − x0

.

To justify this definition, one must prove that there is a unique projective
transformation which takes three distinct points into 0, 1,∞. But that is
easy because we have the formula for it and that formula was forced on
us. The invariance of CR under projective transformations is built into the
definition.
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By essentially the same argument as we gave above for the affine group,
there are no new k-point invariants of the projective group, only cross-ratios
of the points taken four at a time.



70 RICHARD L. BISHOP

10. Special Functions

The following material is heavily dependent on the book “Special Functions and
the Theory of Group Representations” by N. Ya. Vilenkin, AMS Translation, 1968.

We shall present examples to illustrate how group representations give rise to
special functions. They are typical of the general procedure. The group G is
factored with the aid of two subgroups H,Θ into HΘH. This factorization is not
one-to-one and it is differentiably singular at the identity. The advantage is that it
ties the theory to the double coset spaces HgH in the homogeneous space G/H of
left cosets. These are geometrically significant because H is usually an orthogonal
group, the isotropy group of eH ∈ G/H and so moves the other points gH in a
circle or sphere around eH. For that reason HgH is called the sphere with center
eH in G/H. Then the entries of the group representations which depend only on
the parameters of Θ project to G/H to give special functions which are constant on
concentric spheres. A usual consequence of being a special function is that it is an
eigenfunction for some invariant partial differential operator, such as the Laplacian.
Thus, special functions occur in eigenfunction expansions of functions constant on
concentric spheres or circles.

The first example we shall develop is the 3-sphere group G = SU(2) and H = a
1-parameter subgroup. Then G/H = S2, the 2-sphere in E3; for if we let G act on
E3 via its homomorphism α : S3 → SO(3), α(g)p = gpg−1, where p = xi+yj = zk,
then the isotropy group of a point, say p = k, is a 1-parameter subgroup. In
particular, we could equally well take G = SO(3) and H = rotations about the
z-axis.

Then the double coset spaces HgH, as subsets of S2, are “concentric” circles
about k.

We take for the group Θ another 1-parameter subgroup, the rotations about the
x-axis. Thus, the parametrization of G = SO(3) is by Euler angles ϕ, θ, ψ:

g =

cosϕ − sinϕ 0
sinϕ cosϕ0

0 0 1

1 0 0
0 cos θ − sin θ
0 sin θ cos θ

cosψ − sinψ 0
sinψ cosψ 0

0 0 1

 .
(I thought for many years that Euler’s choice of his angles to parametrize frames
was a bit perverse because it made the parametrization singular at the standard
frame (i, j, k). But in this context it makes perfectly good sense. How could Euler’s
intuition have lead him to this choice? I doubt that he knew much about special
functions as related to group representations.)

When we pass to the 2-fold covering in the form of SU(2), the covering map
can be chosen so that H consists of diagonal matrices, so that the factorization
becomes:

g =
[
eiϕ/2 0

0 e−iϕ/2

] [
cos θ/2 i sin θ/2
i sin θ/2 cos θ/2

] [
eiψ/2 0

0 e−iψ/2

]
.

If V is a representation space for a unitary representation α of G, then for each
pair v, w ∈ V we get a function Fv,w : G → C, defined by Fv,wg = 〈α(g)v, w〉.
These functions generalize the matrix entries of α, making sense even when V is
infinite-dimensional (a Hilbert space). For if ei, ej are basis elements, then the
components of α(g)ej with respect to that basis form the jth column of the matrix,
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so that for an orthonormal basis

Fej ,ei
g = 〈α(g)ej , ei〉 = αijg.

Now suppose that a closed subgroup H fixes v; in particular, H could be the
isotropy group of v. Then for g ∈ G, h ∈ H

Fv,wgh = 〈α(g)α(h)v, w〉 = 〈α(g)v, w〉 = Fv,wg.

Thus, Fv,w is constant on cosets gH, so that Fv,w = F̂w may be considered to be a
function on the homogeneous space G/H. As w varies in V the functions F̂w vary
through a linear space of functions which is invariant under the action of G induced
by the left action of G on G/H.
λg : G/H → G/H is given by λg(g′H) = gg′H.
Then

(λ∗gF̂w)(g′H) = (F̂wλg)(g′H)

= F̂w(gg′H)

= 〈α(g)α(g′)v, w〉
= 〈α(g′)v, α(g)∗w〉

= F̂α(g)∗w(g′H).

Thus, the right action λ∗g of G on the functions on H, F̂w, is expressed in terms
of the conjugate-transpose action α(g)∗ of G on V .

When α is the inclusion of SO(3) in Gl(e,R) and H = rotations about the z-
axis = the isotropy group of the unit vector k, then G/H = orbit of k = unit
sphere S2 in E3. The functions F̂w are restrictions of linear functions to S2: if
w = ai + bj + ck, then for xi + yj + zk ∈ S2, x2 + y2 + z2 = 1, those g ∈ SO(3)
such that gH = xi+ yj + zk have the form

g =

∗ ∗ x
∗ ∗ y
∗ ∗ z


and F̂w(gH) = 〈gk, w〉 = 〈xi+ yj + zk, ai+ bj + ck〉 = ax+ by + cz.

The other representations of SO(3) will also have a vector fixed by H. According
to the general theory the matrix entries will be polynomials in the entries of the
3-dimensional representation α, since that representation is faithful. Then the
“spherical” functions F̂w for those other representations will also be polynomials
in the aij , and since only x = α13, y = α23, z = α33 are constant on cosets of H,
we conclude that the spherical functions on S2 are just the polynomials in x, y, z
restricted to S2.

We get more detail from the use of the representation theory of the Lie algebra
so(3). Its complexification is sl(2,C), so that we know from the theory which
we need for the classification of simple Lie algebras that there is one irreducible
representation in each dimension, up to equivalence. Moreover, we can detect
which representations are present by looking at the weights (eigenvalues) on a
Cartan subalgebra. We can take for the Cartan subalgebra the complexification
of ĥ, the Lie algebra of H. So to find what representations are present in a given
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representation we should look at the eigenvalues of

Z =

0 −1 0
1 0 0
0 0 0


as it acts on the space.

In particular, if the maximum eigenvalue of iZ is n, then the irreducible represen-
tation of dimension 2n+1 is present. The other eigenvalues are n−1, n−2, . . . ,−n,
each with multiplicity 1. Although sl(2,C) has even-dimensional representations
for which n is a half-integer, only the odd-dimensional ones, with n an integer,
come from representations of SO(3).

The other basis elements of so(3) are

X =

0 0 0
0 0 −1
0 1 0

 , Y =

 0 0 1
0 0 0
−1 0 0

 ,
the infinitesimal rotations about the x- and y-axes. Calculating brackets, we see
that so(3) has the same structure as the Lie algebra of cross-products on E3 :
[X,Y ] = Z, [Y,Z] = X, [Z,X] = Y .

According to the theory of groups acting on manifolds, if we turn the left-action
of SO(3) into a right action by operating with inverses, then we will induce a Lie
algebra of vector fields λso(3) on E3 which is isomorphic to so(3):

λXp =
d

dt
(0) exp(−tX)p = −Xp =

 0
z(p)
−y(p)

 , for p ∈ E3;

these are the components with respect to the standard basis, so that in differential
operator form

λX = zDy − yDz, where Dy =
∂

∂y
, etc.

Since we will be using this realization of so(3) frequently, we drop the λ from the
notation. The other fields are

Y = xDz − zDx, Z = yDx − xDy.

Besides being vector fields on the space E3, they are tangent at each point to the
orbits of the SO(3) action, that is, the concentric spheres, and in particular, the
unit sphere.

Now we use the theory of representations of sl(2,C) to describe the irreducible
spaces as polynomials in x, y, z. Thus, we should take a maximal-weight vector for
iZ and operate on it repeatedly by the root vector X − iY for which the root (=
weight of ad) is −1. That is, [iZ,X − iY ] = −(X − iY ). If iZv = nv, then the
operator X − iY shifts v to a vector with weight n− 1, or at the end of the string,
to 0.

The representation on E3 is equivalent to the adjoint representation, with x, y, z
corresponding to X,Y, Z. Thus the weight vectors are x+ iy, z, x− iy with weights
1, 0,−1. To get a weight vector of weight n we take the tensor product of x + iy
with itself n times. Since this is a symmetric tensor, it can be identified with the
polynomial (x+iy)n. Moreover, the action of X,Y, Z on polynomials is just what it
ought to be, their derivatives as functions on E3 by X,Y, Z as differential operators.
Thus, the weight vectors for the irreducible representation in dimension 2n+1, and
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a basis for that space, are the polynomials (X − iY )p(x + iy)n, p = 0, 1, . . . , 2n.
The case p = n is of special interest because it gives a polynomial annihilated by
Z = yDx − xDy, which implies that it is a polynomial in z alone. Up to multiples
these are the Legendre polynomials.

10.1. Aside: The universal enveloping algebra. In Lie algebra theory the uni-
versal enveloping algebra (UEA) is introduced as an associative algebra containing
a given Lie algebra and satisfying a universal mapping property: whenever there is
a map of the Lie algebra into an associative algebra over the same ground field such
that the brackets are mapped into the corresponding associative algebra commuta-
tors XY − Y X, then this map has a unique extension to the universal enveloping
algebra. The UEA can be realized formally as a quotient of the tensor algebra by
an obvious ideal, the one generated by [X,Y ]−X ⊗ Y − Y ⊗X for all X,Y in the
Lie algebra.

However, for Lie group theory a different realization of the enveloping algebra is
important: if G is a Lie group with Lie algebra ĝ, then the universal enveloping al-
gebra of ĝ is the algebra of differential operators on G generated by the left invariant
vector fields, that is, all the left invariant differential operators. An important sub-
space of these are the differential operators which are both left and right invariant;
if one thinks of how the adjoint representation is related to the right translations,
it is not surprising that the bi-invariant operators form the center of the universal
enveloping algebra.

When we have a representation of G, and hence of ĝ, the universal enveloping
algebra becomes a space of linear operators on the representation space extending
the operation of ĝ. If the representation space is a space of differentiable functions
on G, the operation is the obvious one of differential operators on differentiable
functions.

If G is semi-simple, there is a particularly important element of the center of the
UEA, the Casimir operator. In that case the trace form of the adjoint representation
is a nondegenerate bilinear form K on the Lie algebra. Hence it corresponds to an
isomorphism between ĝ and its dual space ĝ∗, as in semi-Riemannian geometry.
This isomorphism extends to the tensor algebra over ĝ∗ into the tensor algebra
over ĝ. K itself is a symmetric tensor of degree 2 over ĝ∗, and if we apply the
isomorphism to K and reduce modulo the ideal which gives the UEA, we get the
Casimir operator. Below we label a different multiple of it as the Casimir operator
for SO(3), but the important thing is that it is in the center of the enveloping
algebra. Consequently, as an operator on a representation space it commutes with
the operators in ĝ, and when G is connected, it commutes with the operators in G.
Then if the representation space is irreducible, it follows from Schur’s lemma that
the central operators are simply some multiple of the identity operator; that is, the
whole space is an eigenspace of any central operator.

When G is compact and semisimple, then −K is a bi-invariant Riemannian
metric and up to a multiple the Casimir operator is the Laplacian on G. Thus the
irreducible representation spaces of L2(G) give us eigenfunctions of the Laplacian.
The entire spectrum of the Laplacian is determined in this way by the algebra of
the UEA.

10.2. Continuation of the development of special functions for SO(3).
Spherical harmonic and Legendre polynomials.
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For so(3) the center of the universal enveloping algebra is generated by the
Casimir operator, C = X2 +Y 2 +Z2. It is easy to verify directly that C commutes
with X,Y, Z. By symmetry, it is enough to show that XC = CX. The technique
is simply to use the bracket identities:

XY = Y X + [X,Y ] = Y X + Z, XZ + [X,Z] = ZX − Y.

Of course, X commutes with X2. For Y 2 we have

XY 2 = (Y X + Z)Y = Y (Y X + Z) + ZY = Y 2X + Y Z + ZY.

For Z2,

XZ2 = (ZX − Y )Z = Z(ZX − Y )− Y Z = Z2X − ZY − Y Z.

Adding, we get X(Y 2 + Z2) = (Z2 + Y 2)X.
When we restrict C to an irreducible representation space, we conclude from

Schur’s lemma that it is a constant multiple of the identity on that space. When
that space is a space of functions on, say, the unit sphere in E3, we conclude that
we have a space of eigenfunctions of the second-order differential operator C.

We claim that the action of C on C∞(S2) is the Laplacian of S2 as a Riemann-
ian manifold. It is not true that C is the Euclidean Laplacian on E3, but we will
get the relation between these two operators. Let L = D2

x + D2
y + D2

z , the Eu-
clidean Laplacian. We invoke the following general description of the Laplacian on
a Riemannian manifold M :

At any point p choose a frame ei at p. Take geodesics γi starting at p in the
frame directions. Then for any f ∈ C2(M) the Laplacian of f at p is given by

(LMf)p =
∑
i

D2
t (0)f(γi(t)).

For M = S2(r), the sphere of radius r in E3 we only need to calculate the relation
between the Laplacian and C at one point, since they are both (obviously) invariant
under isometries. At the point p = (0, 0, r) we can use (1/r)X and (1/r)Y as the
frame; Z(p) = 0. To evaluate X2f , for any vector field X, we can take the second
derivative of f along the integral curve of X. But the integral curves of (1/r)X
and (1/r)Y starting at p are indeed unit speed geodesics on S2(r), and Z2

pf = 0,
so that

(LMf)p = (1/r2)(X2 + Y 2 + Z2)pf.

To relate this to the Laplacian L on E3 we calculate the coordinate expression for
C:

C = (z2 + y2)D2
x + (x2 + z2)D2

y + (x2 + y2)D2
z2(xDx + yDy + zDz)

−2(xzDxDz + yzDyDz + xyDxDy).

If we specialize this to the point (0, 0, r) many terms drop out, and we divide by r2

to get

LMp = D2
x +D2

y −
2
r
Dz = L−D2

z −
2
r
Dz at p.

At that point Dz is the radial derivative, and since the radial derivative (but not
Dz) is invariant under rotations we conclude

L = LM +D2
r +

2
r
Dr =

1
r2
C +D2

r +
2
r
Dr.
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It is an abuse of notation to write Dr without including r in a coordinate system.
Not any coordinate system will do; the other two coordinates must be constant
along radial lines.

If f = P (x, y, z) is a homogeneous polynomial of degree n, then by Euler’s
theorem on homogeneous functions (xDx+yDy+zDz)P = nP , that is, DrP = n

rP .
Differentiating again with respect to r gives D2

rP = 1
r2(n2−n)P . Thus,

LP =
1
r2

(CP + (n+ 1)nP ).

Now we return to Lie algebra theory, using it to calculate the eigenvalues of C,
that is, the value of C on irreducible subspaces. We observe (X − iY )(X + iY ) =
X2 + Y 2 + i[X,Y ] = X2 + Y 2 + iZ. Let v be a maximal weight vector with weight
n, so that, iZv = nv. Then X + iY shifts v to 0, since there is no larger weight.
Hence, (X − iY )(X + iY )v = 0. That is, (X2 + Y 2)v = −iZv = −nv. But
Z2v = −(iZ)2v = −n2v. Adding gives us the eigenvalue of C:

Cv = −(n+ 1)nv.

This must hold not only for the maximal weight vector v but also for any vector
in the irreducible space it generates. We have seen that we can take v = (x +
iy)n, a homogeneous polynomial of degree n. For this polynomial and the others
(X − iY )p(x+ iy)n which it generates, the two terms of our formula for LP cancel,
LP = 0. That is, P is a harmonic function on E3.

The polynomial x2 + y2 + z2 = r2 is invariant, annihilated by C. Hence, if
we multiply an eigenfunction of C by r2, we get an eigenfunction with the same
eigenvalue, but having degree 2 higher. A dimension count shows that this repeated
multiplication by r2 accounts for all the homogeneous polynomials aside from the
harmonic ones. That is, if Sn is the space of homogeneous polynomials of degree n
and Hn is the subspace of harmonic polynomials, then

Sn = Hn + r2Sn−2.

The dimensions are
(
n+2

2

)
= 2n + 1 +

(
n
2

)
. The sum is orthogonal with respect to

the unitary action of SO(3). Iterating the operation gives the decomposition of Sn
into the eigenspaces of the Laplacian L:

Sn = Hn + r2Hn−2 + r4Hn−4 + . . . ,

with eigenvalues 0, n(n+ 1)− (n− 2)(n− 1), n(n− 1)− (n− 4)(n− 3), . . .
We have seen that the middle eigenfunction Pn(z) = (X − iY )n(x + iy)n is a

function of z alone. If we restrict the operator C to functions of z alone at points
of the unit sphere, then the coordinate formula for C reduces to (1−z2)D2

z−2zDz.
Since Pn(z) is an eigenfunction of C with eigenvalue −n(n+1), we have that Pn(z)
satisfies the Legendre differential equation

(1− z2)P ′′
n − 2zP ′

n + n(n+ 1)Pn = 0.

This establishes the earlier claim that Pn(z) is a multiple of the nth Legendre
polynomial.

An interesting fact about the geometry of the 2-sphere is that areas cut out by
parallel planes are proportional to the distance between the planes. The factor of
proportionality on the unit sphere is 2π, that is, Area = 2π·Distance. Consequently,
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integration of polynomials in z, restricted to S2, with respect to area is the same
up to the multiple 2π as integration on the line with respect to dz:∫

S2
P (z)dA = 2π

∫ 1

−1

P (z)dz.

But integration on S2 can be related in turn to integration on SO(3). With respect
to the latter integration the polynomials Pn(z) are mutually orthogonal. Hence, so
also are they mutually orthogonal with respect to ordinary integration on [−1, 1].
Furthermore, any function of z alone can be viewed as a function on the space of
double cosets HgH. As a function on SO(3) it can be expressed by its Fourier
series in the entries of representations of SO(3). But it will be orthogonal to any
entry which is not a function of z = cosϕ alone. Thus, we derived the completeness
of the Legendre polynomials on [−1, 1] from the Peter-Weyl theorem.

10.3. The Euclidean group of the plane and Bessel functions. We realize
the orientation-preserving Euclidean plane group as the semi-direct product G =
E2 ×i SO(2), where i is the natural action of SO(2) on E2. Then G acts on E2,
(u, h)v = u + hv, and H = SO(2) is the isotropy group of the origin, so that
E2 = G/H. For the other factor of the splitting of G we take T = translations in
the x-direction = {((r, 0), I)}. The double cosets HgH are then circles centered at
the origin. If Rθ is rotation by angle θ, and Tr is translation by r in the x-direction,
then the factorization G = HTH can be calculated as

((r cos θ, r sin θ), Rθ+ϕ) = RθTrRϕ = RθTrR−θRθRϕ.

Thus, the first two factors are polar coordinates on E2 and the third factor is the
rest of the rotation part of the motion.

We take as infinitesimal generators of the Lie algebra ĝ: X = the generator of
T , Y = the generator of translations in the y-direction, and Z = the infinitesimal
rotation about the origin generating H. The Lie algebra structure is given by

[X,Y ] = 0, [Z,X] = Y, [Z, Y ] = −X.

As vector fields on E2 induced by the right action p · g = g−1p the vector fields
become

X = −Dx, Y = −Dy, Z = yDx − xDy.

Problem 10.1. C = X2+Y 2, the Laplacian of E2, is in the center of the enveloping
algebra of ĝ. (In fact, C generates the center.)

There are two maximal abelian subalgebras of interest, the translation algebra
spanned by X,Y and the rotation algebra ĥ spanned by Z. For the latter the root
vectors, the eigenvectors of adZ, are X + iY and X − iY :

adZ(X + iY ) = Y + i(−X) = −i(X + iY ),

adZ(X − iY ) = i(X − iY ).

For any representation α of ĝ which extends to a representation of G, we must
have α(exp 2πZ) = exp 2πα(Z) = I. Thus, the eigenvalues of α(Z) must be −in,
n an integer, and α(iZ) will have integral eigenvalues. The following standard
Lie algebra calculation shows that the eigenvectors of α(iZ) are either sent to 0
by α(X + iY ) and α(X − iY ) or they are shifted to other eigenvectors with the
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eigenvalue raised or lowered by the root (1 or −1), respectively: if α(iZ)v = nv,
then

α(iZ)α(X + iY )v = α[iZ,X + iY ]v + α(X + iY )α(iZ)v

= α(X + iY )v + nα(X + iY )v

= (n+ 1)α(X + iY )v.

If α were finite-dimensional, then the nonzero shifting action could not go on for-
ever because it keeps producing distinct eigenvalues for iZ. That is, if v is is an
eigenvector of iZ, then (X + iY )pv = 0 for some p > 0. Then we would also have
Cpv = (X−iY )p(X+iY )pv = 0. Now if α were completely reducible, in particular,
if α were unitary, then by Schur’s lemma C would be a constant multiple of the
identity on each irreducible summand. Hence, C = 0.

Now suppose that v is an eigenvector of iZ in some irreducible summand. Then
the subspace spanned by {(X − iY )pv : p = 1, 2, . . .} is invariant: indeed, any
nonzero ones are eigenvectors of iZ they are all sent to 0 by X + iY , and obviously
they are shifted by X − iY . Since this subspace does not include v, irreducibility
implies that it is 0. Similarly, (X + iY )v = 0. Thus, we have proved

Theorem 10.2. Every finite-dimensional unitary representation of the Euclidean
motion group M(2) is trivial on the translation subgroup.

For example, the usual representation of M(2) on R3, (u,Rϕ) →
[
Rϕ u
0 1

]
, in

which E2 is realized as the invariant linear manifold z = 1, cannot be unitary with
respect to any inner product, since it is not trivial on the translations. It has an
invariant 2-space which does not have an invariant complement.

Now we present some irreducible unitary representations of M(2) on a separable
Hilbert space, depending on a real parameter ρ. In fact all of the irreducible repre-
sentation are obtained by letting the parameter be an arbitrary complex number,
but we do not show this. Vilenkin refers us to F. I. Mautner, Fourier analysis and
symmetric spaces, Proc. Nat. Acad. Sci. U.S.A. 37 (1951), 529-533. MR 13, 434.

The construction is a special case of a construction of representation for semi-
direct products of the form G = V ×i H, where V is abelian and H is a group
of automorphism of V . We give the general construction with the corresponding
specialization to M(2) in brackets [ ]. The one-dimensional representations of V [E2]
form an abelian group V ∗. [For E2 the 1-dimensional representations are given
by pairs of complex numbers (c1, c2); for (x, y) ∈ E2 we have exp(c1x + c2y) ∈
C∗ = Gl(1,C).] The group operation is given by pointwise product, (αβ)(v) =
α(v)β(v). [If we write the operation of E2∗ additively, then we suppress “exp”
and E2∗ becomes the additive group of the vector space C2, consisting of real-
linear maps E2 → C2.] The left action of H on V gives a dual action on V ∗; for
h ∈ H,h∗ : V ∗ → V ∗ is given by (h∗α)v = α(h−1v). [For SO(2), since h−1 = hT

and the dualization operation written additively involves a transpose, h∗ is simply
h again, extended to be complex linear on C2.]

Now we consider the orbits of H acting on V ∗. [These are some circles in
C2, except for the origin which forms an orbit by itself.] Let S be one of these
orbits and f : S → C a function. Then for g = (v, h) ∈ G and α ∈ S we let
(gf)α = α(v)f(h−1∗α). [M(2) acts on functions on a circle using a combination of
inner product and the SO(2) action rotating the circle: if α = (c1, c2)v = (x, y),
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then
(gf)(c1, c2) = exp(c1x+ c2y)f(h−1(c1, c2)).]

The definition is rigged so that the action of G on the space of functions on S is a
left action, hence a representation of G:

(v1, h1)((v2, h2)f)(α) = α(v1)((v2, h2)f(h−1
1

∗
α))

= (α(v1))((h−1
1

∗
α)(v2)f(h−1

2 jh−1
1

∗
α)

= α(v1 + h1v2)f((h1h2)−1∗α)

= (v1 + h1v2, h1h2)f(α).

Although Vilenkin asserts that the representations of M(2) obtained in this way
are parametrized by a single complex number, the situation does not actually seem
to be quite that simple. His representations only include those for which the circular
orbit has a point (c1, 0) on it. Not every representation is equivalent to one of those,
although the unitary ones are.

Let us examine the equivalence of these representations in more detail. The
circles on which the functions f are defined are all the same as manifolds and the
reasonable class of functions to have the group act on is the Hilbert space of square
integrable ones, L2. Thus, we can consider the functions to be 2π-periodic functions
of a real variable θ, eliminate the (c1, c2) from the function argument, and let the
rotation h = Rϕ act on the function by variable translation, f(R−1

ϕ θ) = f(θ − ϕ).
Then we have to fix a base point (c1, c2) on the circle and let the other points of
the orbit which get plugged into the exp have their dependence on θ made explicit.
The formula for the representation in these terms becomes:

(α((x, y), Rϕ)f)(θ) = exp(Rθ(c1, c2), (x, y))f(θ − ϕ),

where 〈Rθ(c1, c2), (x, y)〉 = (c1 cos θ − c2 sin θ)x+ (c1 sin θ + c2 cos θ)y.
Now it is clear that these representations have some equivalences among each

other, because the reparametrization of the circle by a variable translation gives an
equivalent representation for which (c1, c2) is replace by another point Rθ(c1, c2) on
its orbit. We shall show that this is the only way that two of these representations
can be equivalent. In particular, not every one of these representations can be
realized by taking c2 = 0, since there are orbits with no such point on them.

The meaning of equivalence is as follows. α and β are equivalent if there is
a bounded operator T having bounded inverse such that for every g ∈ M(2) the
following diagram commutes.

L2
α(g)

> L2

T T

∨ ∨

L2
β(g)

> L2

The consequences of such an equivalence are more easily seen if we look at the
infinitesimal action. On the subgroup of rotations H all of the representations
are the same, just translations of the variable, and they all have as eigenfunctions
the complex exponentials en(θ) = einθ. Thus, the infinitesimal action of Z is the
same in all cases, Z : en → −inen. As an operator on L2, Z is unbounded, since
its domain is the space of functions f having f ′ ∈ L2, and for such a function
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Zf = −f ′. But whether we work with Z or with the rotations Rϕ, we conclude
that the equivalence T must be diagonal with respect to the basis en. That is,
we must have a sequence of constants an such that Ten = anen. It is then easy
to specify what it means for T and T−1 to be bounded (i. e., continuous): the
sequences an and 1/an must both be bounded.

Now suppose that α is given by

α(x, y,Rϕ)f(θ) = exp〈Rθ(c1, c2), (x, y)〉f(θ − ϕ).

To get the infinitesimal action of X and Y we differentiate with respect to x and y
and set x = y = ϕ = 0. Thus,

X · f(θ) = (c1 cos θ − c2 sin θ)f(θ)

Y · f(θ) = (c1 sin θ + c2 cos θ)f(θ).

The operators X and Y are defined and continuous on all of L2. We can package
them more neatly in complex form:

(X + iY )f(θ) = (c1 + ic2)eiθf(θ)

(X − iY )f(θ) = (c1 − ic2)e−iθf(θ).

In terms of the basis en, X + iY and X − iY are weighted shifts to the right and
left, with constant weights c1 + ic2 and c1 − ic2.

Suppose that β is given by the pair (b1, b2) instead of (c1, c2). Then in order to
be equivalent under T , T must carry the weighted shifts for α to those for β, which
requires

an+1(c1 + ic2) = (b1 + ib2)an and an−1(c1 − ic2) = (b1 − ib2)an.

Thus, the ratios of successive an’s are constant:

an
an+1

=
b1 + ib2
c1 + ic2

=
c1 − ic2
b1 − ib2

.

This makes the an’s a geometric sequence, and the only way for the sequence to be
bounded in both directions is to have ratio of unit magnitude:

b1 + ib2
c1 + ic2

=
c1 − ic2
b1 − ib2

= eiθ.

We can solve these two equations for b1 and b2 in terms of c1 and c2: b1 = c1 cos θ−
c2 sin θ, b2 = c1 sin θ + c2 cos θ. Hence, equivalence of representations of this form
is exactly the same as having the pair of complex numbers lie on the same orbit
under H.

Which of these representations are equivalent to a unitary representation? First
of all, they are already unitary on the subgroup H, so that any equivalence to a
unitary representation would have to take the eigenvectors of H, the en’s, into
an orthogonal basis fn = Ten. Let an = 〈fn, fn〉, so that the an’s form a
sequence of bounded positive numbers (to make T continuous). Again we can
calculate the action of the infinitesimal operator α∗(X) and its correspondent
β∗(X) = Tα∗(X)T−1, by writing c1 cos θ − c2 sin θ in complex form. Thus,

α∗(2X)einθ = ((c1 + ic2)eiθ + (c1 − ic2)e−iθ)einθ,

or
α∗(2X)en = (c1 + ic2)en+1 + (c1 − ic2)en−1.
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Hence,
β∗(2X)fn = (c1 + ic2)fn+1 + (c1 − ic2)fn−1.

If β is to be unitary, β∗(X) must be skew-Hermitian, which is derived by differen-
tiating the constants

〈β((x, 0), I)fn, β((x, 0), I)fm〉 = δnman

with respect to x and setting x = 0. Explicitly, this calculation gives for all n

(c1 + ic2)an + (c̄1 + ic̄2)an−1 = 0

(c1 − ic2)an−1 + (c̄1 − ic̄2)an = 0.
Again, we conclude that an is a geometric sequence with ratio −(c̄1 + ic̄2)/(c1 +
ic2) = −(c1 − ic2)/(c̄1 − ic̄2). For the an’s to be bounded in both directions this
ratio must have magnitude 1, but it is real and positive, hence equal to 1. We go
on to conclude
(a) c1 and c2 are purely imaginary.
(b) Hence, α is already unitary.
(c) The an’s are constant, so that T is merely a similarity.
(d) With c =

√
−c21 − c22, the point (ic, 0) is on the orbit of (c1, c2).

Thus the unitary representations depend on one real parameter c ≥ 0.
We show that the representations with (c1, c2) 6= (0, 0) are irreducible. Any

invariant subspace must be invariant under the weighted shifts X+ iY and X− iY .
Thus, if any single basis element en were in the invariant subspace (assumed to be
closed), then all of the basis elements would be in the subspace and it would be
all of L2. So all we have to prove is that any closed invariant subspace which is
invariant under variable-translations must contain basis elements.

Suppose f =
∑
anen is in such an invariant subspace and that am is a nonzero

coefficient having the least index m. Note that if we shift the variable by 2πk/p, the
effect is to multiply the terms by the pth roots of 1, exp(2πkn/p·i), cyclicly. Now we
form a linear combination of f and its translates so that all terms with indices not
congruent to m mod p are eliminated and the remaining ones are simply multiplied
by p:

p∑
k=1

exp(
2πkmi
p

)f(θ − 2πk
p

) = p
∑
q

am+qpem+qp.

Now if we divide by p and let p go to ∞, we get a sequence in the invariant subspace
which converges to amem, since

∑
n |an|2 converges.

As for the remaining representation, with (c1, c2) = (0, 0), it is trivial on the
translation part of M(2) and on the rotation part it splits into 1-dimensional sum-
mands spanned by the en’s, so that each irreducible representation of H occurs just
once.

Now we calculate the matrix-entries of the irreducible representations. We do
this in pieces, having already done the case of pure rotations. To identify the
entries of translations we show that they satisfy a version of Bessel’s differential
equations and pin down the initial conditions. Alternatively, the definition of a
matrix entry immediately gives an integral formula, which is one of the classical
ways of expressing Bessel’s functions.

For pure rotations we note explicitly their effect on basis elements en. Indeed,
(α(Rϕ)en)(θ) = en(θ − ϕ) = ein(θ−ϕ) = e−inϕen(θ). Thus, the matrix for α(Rϕ) is
diagonal with e−inϕ as its entries.
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The matrix entries for the translation Tr are

〈α(Tr)en, em〉 =
1
2π

∫ 2π

0

exp(r[c1 cos θ − c2 sin θ] + i[n−m]θ)dθ.

We have normalized the inner product on L2 so that the en’s are orthonormal. Note
that the entries depend only on the difference, n−m, so that we can express them
in terms of a family of functions having a single index: Fn(r) = 〈α(Tr)en, e0〉.

The general matrix entries can be expressed in terms of exponentials and the
family of functions Fn. If (r, ϕ) are the polar coordinates of (x, y) ∈ E2, then we
have seen that the motion ((x, y), Rθ) = RϕTrRθ−ϕ. Using the fact that Rϕ acts
unitarily on L2, we have

αmn((x, y), Rθ) = 〈α(RϕTrRθ−ϕ)en, em〉
= 〈α(Tr)α(Rθ−ϕ)en, α(R−ϕ)em〉

= 〈α(Tr)e−in[θ−ϕ]en, e
imϕem〉

= ei[(n−m)ϕ−nθ]Fn−m(r).

If we take θ = 0, then the matrix entries become functions on the plane. We can
calculate the effect of the vector fields X and Y in two ways. We will let them act
according to the left action of M(2), so that they are simply the coordinate fields
Dx and Dy and can be expressed in terms of polar coordinates by the chain rule.
On the other hand, we know how they act on en, so that we can use them on the
definition of α0n((x, y), R0). For the first way we have

X + iY = eiϕ(Dr +
i

r
Dϕ), X − iY = e−ϕ(Dr −

i

r
Dϕ),

X2 + Y 2 = Dr
2 +

1
r
Dr +

1
r2
Dϕ

2.

Hence, (X+iY )α0n((x, y), R0) = ei(n+1)ϕ[F ′
n(r)− n

rFn(r)], and similarly forX−iY ,
changing +1 to -1 and - to +. For the second way we have

(X + iY )α0n(g) = 〈α(g)α∗(X + iY )en, e0〉
= 〈α(g)(c1 + ic2)en+1, e0〉

= (c1 + ic2)ei(n+1)ϕFn+1(r).

Cancelling the common factor ei(n+1)ϕ, we find the following relations among the
Fn’s:

F ′
n(r)−

n

r
Fn(r) = (c1 + ic2)Fn+1(r),

F ′
n(r) +

n

r
Fn(r) = (c1 − ic2)Fn−1(r).

Applying the two operators X+iY and X−iY in succession to α0n(g), we find that
α0n(g) = einϕFn(r) is an eigenfunction of the Laplacian with eigenvalue c21 + c22.
Hence, the factor which is a function of r alone satisfies the differential equation

F ′′
n (r) +

1
r
F ′
n(r)− [c21 + c22 +

n2

r
]Fn(r) = 0.

If we make the change of variable x = µr, where µ is a square root of −(c21 + c22),
then this differential equation becomes Bessel’s differential equation of index |n|.
Since Fn is finite at r = 0, we conclude that Fn(r) = τJ|n|(µr), where τ is a constant
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depending on n, c1, and c2. We shall write τn to indicate the dependence on n,
leaving the dependence on c1 and c2 implicit.

To evaluate the constants τn we first consider the special case c1 = i, c2 = 0.
Then we have

Fn(r) =
1
2π

∫ 2π

0

exp(ir cos θ + inθ)dθ.

Change the variable by ϕ = π/2 − θ and use the periodicity of the integrand to
shift the new limits −3π/2 and π/2 forward to 0 and 2π again. This gives

Fn(r) =
in

2π

∫ 2π

0

exp(ir sinϕ− inϕ)dϕ.

Except for the factor in this is the classical integral formula for Jn(r). Thus,
Fn(r) = inJn(r), when c1 = i, c2 = 0. For this case then, the recurrence relations
for the Fn(r) give us recurrence relations for Jn(r), also classical:

J ′n(r)−
n

r
Jn(r) = −Jn+1(r),

J ′n(r) +
n

r
Jn(r) = Jn−1(r).

Now for arbitrary c1 and c2 we plug Fn(r) = τnJn(µr) into the recurrence
relations for the Fn:

µτn[J ′n(µr)−
n

µr
Jn(µr)] = (c1 + ic2)τn+1Jn+1(µr),

µτn[J ′n(µr)−
n

µr
Jn(µr)] = (c1 − ic2)τn−1Jn−1(µr).

We can cancel the factor Jn+1(µr) in the first equation and Jn−1(µr) in the second,
getting recurrence relation for the τn’s:

−µτn = (c1 + ic2)τn+1, µτn = (c2 − ic2)τn−1.

These are consistent because µ2 = −c21 − c22. For a starting place we use the fact
that α(T0) = identity, so that

F0(0) = 1 = τ0J0(0) = τ0,

independently of c1 and c2. From the second recurrence formula we then clearly
have

τn =
[
c1 − ic2

µ

]n
.

In effect, we have evaluated some integrals[
c1 − ic2

µ

]n
Jn(µr) =

1
2π

∫ 2π

0

exp(rc1 cos θ − rc2 sin θ + inθ)dθ.

The group representation properties yield some identities among Bessel’s func-
tions. For example, taking c1 = i, c2 = 0,

α(Tr+s)0n = inJn(r + s)

= α0n(TrTs)

=
∑
p

α0p(Tr)αpn(Ts)

=
∑
p

in−p+p−0Jp(r)Jn−p(s).
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If we sum on−p instead of p and use the fact, evident from the integral formula, that
J−n = (−1)nJn, we get another version for the sum formula for Bessel’s functions:

Jn(r + s) =
∑
p

(−1)pJn+p(r)Jp(s).

If we take s = −r, we get Jansen’s formula:

Jn(0) = δ0n =
∑
p

Jn+p(r)Jp(r).

We have only scratched the surface in relating special functions to group repre-
sentations. The representations of the group of motions of the semi-Euclidean plane,
for which SO(2) is replaced by the 2-dimensional Lorentz group, lead to Bessel’s
functions of arbitrary index. The representations of the 1-dimensional affine group
are expressed in terms of the gamma function. Other representation lead to the
polynomials named after Jacobi, Gegenbauer, and Hermite, and to hypergeometric
functions.
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11. The action of Lie groups on differential equations

The study of the symmetry groups of differential equations was begun by Sophus
Lie in the 1870’s; recently there has been a revival of interest in this aspect of Lie
theory, encouraged by the work of L. V. Ovsjannikov (1962) and Peter J. Olver. The
important way for a group to act on a differential equation is as a transformation
group of the dependent and independent variables jointly. Thus, a solution of a DE
is considered to be the same as its graph in the product space. A transformation
of that product space leaves the DE invariant, by definition, if the image of every
solution-graph is again a solution-graph.

In order to put this definition in a form which can be verified by calculations we
consider jet-bundles over the domain space, for which the sections give not only the
values of a solution function, but also the values of its derivatives up to some order.
Any transformation of the product then can be prolonged to a transformation of
the jet bundle. A differential equation can be viewed as a submanifold of the jet
bundle of the same order, and a transformation which preserves the DE is then a
transformation for which the prolongation takes that submanifold into itself.

For example, a first order ordinary DE y′ = f(x, y) has corresponding jet bun-
dle the space with variables (x, y, p), where a solution y = g(x) becomes a curve
parametrized by x : (x, g(x), g′(x)). If we have a transformation of the (x, y) plane
which is close to the identity transformation, then the curve y = g(x) will be trans-
formed to a curve which is also a graph of a function. The transformed curve in
(x, y, p) space must have p set equal to the slope of the transformed curve in the
(x, y) plane. This restriction of p to the slope-values defines the prolongation of the
function to the jet bundle.

An arbitrary section of a jet bundle is not a section prolonging a function: there
are relations on the jet coordinates expressing the fact that they do come from the
derivatives of a function. These differential relations can be conveniently expressed
in terms of differential forms which must vanish on a section which is the prolon-
gation of a function. For example, a curve in (x, y, p) space is the prolongation of a
function if and only if its projection onto the x-axis is nonsingular and the restric-
tion of the differential form dy−p dx to the curve vanishes. These same differential
forms provide a convenient means of calculating the prolongation of a vector field,
using the requirement that the Lie derivatives of the forms must be combinations
of the forms again. The references given do not use differential forms to express
these ideas, and accordingly their calculations are not as slick, although they are
straightforward. However, the power of exterior calculus becomes evident when we
turn to more complicated examples, or if we want to express global versions of the
old local results.

For ordinary DE’s a Lie group of symmetries can be used to greatly simplify the
construction of a general solution. For partial DE’s this is no longer the case, but
it is still true that particular solutions can be transformed by the group to obtain
families of solutions which can be of great use. Our purpose here is to barely scratch
the surface by means of a few examples.

11.1. First-order ordinary DE’s. Since we want to consider transformations
which mix the dependent and independent variables, we should write the DE in
a form which does not make the distinction: dy − f(x, y)dx = 0. Thus, we are
concerned with the problem of finding the integral curves of a tangent subbundle,



LECTURE NOTES ON LIE GROUPS 85

expressed in dual form, ω = 0, where ω is a nonvanishing 1-form. In keeping with
this mode we should seek solutions in implicit form g(x, y) = c, so that g will be
a Frobenius coordinate for the subbundle, its level curves being the leaves. We
consider integration with respect to a single variable to be a trivial step, so that
finding an integrating factor µ(x, y), for which µω = dg is exact, is regarded as
being enough. Now we see how the problem can be framed globally: we should
let ω be a 1-form on a 2-dimensional manifold and what we are looking for is an
integrating factor µ such that µω is closed; it would be too much to ask for µω to
be exact, because there could be topological obstacles.

Now consider what happens when there is a Lie group leaving the DE ω = 0
invariant. To begin, there would be a vector field X induced by the action of
an element of the Lie algebra; that is, the flow transformations of X would carry
integral curves into integral curves.

Proposition 11.1. The flow of X carries integral curves of ω = 0 into each other
if and only if LXω = αω for some real-valued function α.

(The proof is automatic.)
There is a sort of uninteresting case: the flow of X could simply move each

integral curve along itself. That is, ω(X) = 0 and X is just a basis of the sub-
bundle ω = 0. We can easily find expressions for such X’s locally in terms of local
expressions for ω, and they go no further toward the solution for integral curves
than knowing ω itself. As a theoretical matter, we are satisfied with the theorems
saying that vector fields have unique integral curves, but the kind of thing we are
now seeking is more detailed expressions for those integral curves. The theorem
relating a vector field leaving ω = 0 invariant and also giving a nontrivial motion
of those integral curves goes back to Lie: he expressed it locally as follows.

Suppose that M(x, y)dx +N(x, y)dy = 0 is preserved by infinitesimal transfor-
mation X = f(x, y)Dx + g(x, y)Dy not tangent to the integral curves. Then

µ =
1

f(x, y)M(x, y) + g(x, y)N(x, y)
is an integrating factor.

It is easy to formulate and prove the same result globally on a surface:

Theorem 11.2. (Lie, 1874) Let ω be a 1-form on a 2-dimensional manifold and
let X be a vector field such that i(X)ω = ω(X) is never 0 and such that LXω = αω.

Then 1
ω(X) · ω is closed.

Proof.

(LXω)ω = αωω = 0

= [d(i(X)ω) + i(X)dω]ω

= [d(ω(X))]ω + i(X)[dωω]− dωi(X)ω

= [dω(X)]ω − ω(X)dω.

Hence,

d

[
1

ω(X)
· ω
]

=
−[dω(X)]ω + ω(X)dω

ω(X)2
= 0.

�

We can run the calculation backward to get a converse:
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1. If ω(X) 6= 0 and 1
ω(X) · ω is closed, then LXω = αω.

Another trick is to obtain solutions without integration when we have two func-
tionally independent integrating factors:
2. If λω and µω are closed, with µ 6= 0, then dλµ = αω. Hence either α = 0 or we
can get solutions of ω = 0 by equations λ

µ = c.

Examples 11.3.
1. The differential equations y′ = F (x) are invariant under X = Dy; this expresses
the fact that solutions differ by constants.
2. A linear homogeneous DE y′ = F (x)y is invariant under X = yDy.
3. When M(x, y)dx + N(x, y)dy = 0 is a homogeneous DE, then the specified
slopes of solution curves are constant on lines radiating from the origin; that is,
it can be written y′ = f(y/x). Hence the vector field X = xDx + yDy whose
flows are expansions centered on the origin leaves the DE invariant. The fact that
xM(x, y) + yN(x, y) is always an integrating factor has almost disappeared from
our elementary DE texts.

11.2. Partial differential equations. We consider the case of two independent
variables (x, y) and an unknown u which is to be a function of (x, y). First we
calculate how a vector field on (x, y, u) space is prolonged to the first jet space,
with coordinates (x, y, u, p, q). On that space we have the contact form

ω = du− p dx− q dy.

A section (x, y) → (x, y, u, p, q) is then the prolongation of a function u = f(x, y)
if and only if the restriction of ω to that section vanishes. That means simply that
the prolongation is given by setting p = ux and q = uy. (We will denote partial
derivatives by subscripts.)

We start with a vector field V = UDu +XDx + Y Dy on (x, y, u) space and ask
first how to prolong V to the vector field V ′ on (x, y, u, p, q) space in order that the
sections prolonging functions u = f(x, y) are mapped into such sections again by
the flow of V ′. So we set

V ′ = UDu +XDx + Y Dy + PDp +QDq

and require that V ′ be an infinitesimal contact transformation: LV ′ω = 0 mod ω.
The notation means simply that LV ′ω is a multiple of ω and we calculate that
condition by calculating LV ′ω and then setting du = p dx + q dy. We will always
use the formula LV ′ = i(V ′)d+ di(V ′) to calculate Lie derivatives of forms.

Now dω = dx dp+ dy dq (wedge product symbols omitted),

i(V ′)ω = U − pX − qY,

di(V ′)ω = dU − p dX − q dY −Xdp− Y dq,

i(V ′)dω = Xdp− Pdx+ Y dq −Qdy,

so that
LV ′ω = dU − p dX − q dY − Pdx−Qdy.

Replacing du by p dx+ q dy gives, mod ω

LV ′ω = [Ux + p(Uu −Xx)− qYx − P − p2Xu − pqYu]dx

+ [Uy − pXy + q(Uu − Yy)− pqXu − q2Yu −Q]dy.
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Since dx and dy are linearly independent mod ω, the condition that V ′ be a
prolonged field is that the coefficients of dx and dy in this expression both be 0.
Thus, we can replace P and Q by the more complicated expressions involving p, q,
and the derivatives of U,X, Y .

To prolong V to second order jets we add terms RDr + SDs + TDt, where
r = uxx, s = uxy, t = uyy, and require the invariance of two more contact forms

α = dp− r dx− s dy,

β = dq − s dx− t dy.

Then expressions for R,S, T can be obtained by calculating LV ′′α = 0 and LV ′′β =
0 mod (ω, α, β). For example,

R = Uxx + p(2Uxu −Xxx)− qYxx + r(Uu − 2Xx)− 2sYx

+ p2(Uuu − 2Xxu)− 2pqYxu − 3prXu − 2psYu − qrYu

− p3Xuu − p2qYuu.

These prolongation expressions are valid no matter what DE we are considering.
When we impose the condition that V preserve a DE, then we must work within
the submanifold of the jet bundle specified by the DE and V ′′ must be tangent to
that submanifold. This leads to some system of partial differential equations to be
satisfied by U,X, Y . The solutions to this system give vector fields V which are
necessarily a Lie algebra, which can be infinite-dimensional. Usually we try to find
a finite-dimensional subalgebra and use the group of that subalgebra to generate
families of significant solutions of the original PDE.

11.3. Example: the heat equation. (The conclusion is taken from Olver, Oxford
notes, but the calculation using differential forms and the notation are my own; also
the remark about the structure of the symmetry group is not in Olver.) The heat
equation uy = q = uxx = r specifies a linear submanifold of (x, y, u, p, q, r, s, t)
space. The condition that V ′′ be tangent to this submanifold is V ′′q = Q = V ′′r =
R. So we equate Q = R and replace r by q wherever it appears. The form of Q−R
as a function of p, q, s, t is a polynomial of degree 3; it is linear in s, quadratic in q,
and t does not appear. The coefficients of the various monomials which do appear
in Q−R must all be 0, because those variables are arbitrary real numbers for each
fixed value of (x, y, u). The result is a system of 10 partial DE’s:
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Monomial Equation

1 Uy = Uxx

s 0 = −2Yx
q Uu − Yy = −Yxx + Uu − 2Xx

p −Xy = 2Uxu −Xxx

ps 0 = −2Yu

p2 0 = Uuu − 2Xxu

pq −Xu = −2Yxu − 3Xu

q2 − Yu = −Yu
p2q 0 = −Yuu
p3 0 = −Xuu

Now we see that the solutions for V do indeed form an infinite-dimensional Lie
algebra, because in particular they incorporate all solutions of the heat equation
itself through the first equation above: Uy = Uxx. However, straightforward ma-
nipulation of the remaining equations soon lead to the conclusion that the solutions
for X and Y and the coefficient of u in U form a 6-dimensional Lie algebra which
we can specify using 6 parameters a, b, c, f, g, h as follows:

X = a+ 2cy + gx+ 4hxy

Y = f + 2gy + 4hy2

U = (b− cx− 2hy − hx2)u.
Thus, the Lie algebra has basis Va = Dx, Vb = uDu, Vc = 2yDx − xuDu, Vf = Dy,
Vg = xDx+2yDy, Vh = 4xyDx+4y2Dy−(x2+2y)uDu, and the infinite dimensional
subalgebra consists of fields V0 = U0(x, y)Du, where U0(x, y) is any solution of the
heat equation.

Some further calculations establish the Lie algebra structure. For this it is nec-
essary to calculate the table of brackets of the basis elements; then the Killing form
can be calculated and is informative because its nullspace is an ideal. That ideal
is spanned by Va, Vb, Vc and is isomorphic to the Heisenberg algebra; it is also the
solvable radical. A Lie algebra complement is spanned by Vf , 2Vg−Vb, Vh, and this
semi-simple part is isomorphic to sl(2,R). The adjoint action of this sl(2,R) on
the Heisenberg algebra is a direct sum of the 2-dimensional representation space
spanned by Va and Vc and the trivial representation on the center, spanned by Vb.
Thus it is a semi-direct product of the Heisenberg algebra with sl(2,R).

The one-parameter groups generated by these basis fields can be used to give
new solutions of uy = uxx from old ones u = f(x, y). Even the constant solution
gives interesting other ones. These one-parameter groups act as follows: Va and Vf
simply give translations of the variables, Vb expresses part of linearity, Vg gives a
scale invariance: u = f(cx, c2y) is again a solution. Olver calls the new solution
from Vc a “Gallilean boost”: u = e−cx+c

2yf(x− 2cy, y). The vector field Vh is not
complete, so that the new solutions can become singular:

u =
1√

(1 + 4cy)
exp[

−cx2

1 + 4cy
]f(

x

1 + 4cy
,

y

1 + 4cy
).
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